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Formation Control of Mobile Robots subject to Wheel Slip
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Abstract—Multi-robot formation control has been studied in
the literature assuming ideal surface that can provide
sufficiently large friction as needed. However, in reality the
friction is constrained by terrain characteristic and slip occurs
due to insufficient friction. In this paper we investigate the effect
of slip on the formation control problem of wheeled mobile
robots (WMR). We explicitly model the slip-traction
characteristic and integrate it into the WMR dynamics. Input
output linearization technique is applied to each WMR such
that the entire formation is subject to stable l − ψ control.

I. INTRODUCTION

O

of recent research areas on multi-robot cooperative
control is formation control [1]-[4]. Various control
strategies exist in the literature for such formation control.
Generally the distance between the robots, are either kept
constant or within a certain range depending on the tasks. As
far as the group of robots is concerned, it may either have a
real leader, or a virtual leader(s) or no leader at all. In [5] there
was a unique leader for the whole group; however each robot
had its own direct leader and certain distances were
maintained between each leader and its follower robot, while
the distances between others were kept in a safe range. In [6],
multiple virtual leaders directed the motion of a group.
Artificial potential was calculated for each robot to generate
pushing or attracting force to keep itself in a certain rage
within its nearby robots or virtual leaders. [7]-[9] presented
two controllers to maintain the desired separation distance
and the relative angle, respectively, between two robots. A
single-leader single-follower formation could be maintained
by controlling simultaneously the separation and relative
angle between them [7][8]. A single-leader double- follower
formation could be maintained by controlling the separations
between the leader and two followers, respectively [7][8].
WMRs are modeled as single-integrators in [10][11] and as
kinematic unicycles in [12][13] for formation control.
When the formation consists of multiple WMRs, slip
occurs when they are operated at high speed or on slippery
surfaces. In most recent literature, a complete dynamic model
of a WMR was established in [14], where slip velocity and
traction forces were built into the model. However, they were
manipulated to become part of an uncertain term that was
ignored in the formation control design. To our knowledge,
there has been no work so far that studied multi-WMR
formation control subject to wheel slip. Thus the first
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contribution of the paper is to investigate how a stable
formation control algorithm behaves when wheel slip is
introduced. In particular, we wanted to understand the impact
of slip on formation control. After demonstrating the impact
of slip, our second contribution is to design a slip-based
controller that can stabilize the formation of the WMR in the
presence of wheel slip.
In order to investigate the effect of slip on formation
control of WMRs, we chose one well-known algorithm
namely, the leader-follower formation control [7], among the
several published formation control algorithms. In this work,
to demonstrate the concept, we chose three WMRs in the
group. The leader is governed by a path following control and
the other two followers are governed by l − ψ control
[8][15][16]. Briefly, the l − ψ control is for a follower WMR
to preserve the desired inter-distance l and the relative angle
ψ from its leader. It has been extensively used in formation
control literature and is thus chosen as our target strategy for
formation control. We apply input-output linearization in this
paper to derive the l − ψ control law for the follower WMRs
when outputs l and ψ are chosen.
This paper is organized as follows. In Section II the
importance of slip consideration is discussed for multi-WMR
formation control problem. In Section III the WMR model
with wheel slip and the model of the traction force between
the wheels and the surfaces are introduced. The model is then
used to develop a slip-based controller that is used in the
multi-WMR formation control subject to slip in Section IV.
In Section V, we present simulation results to show the
multi-WMR formation control behavior subject to slip. We
summarize our contributions in Section VI.
II. IMPORTANCE OF SLIP CONSIDERATION IN FORMATION
CONTROL
In this section, we demonstrate by examples that, for a
stable formation under l − ψ control, if slip occurs due to
insufficient friction the formation will become unstable. Let
us first consider an example of the formation control
assuming no slip. This example uses the model in [17] where
there is no slip. The leader WMR starts at point
[ x0 , y0 , φ0 ] = [0,0,0] and follows an L-shape path with an
initial speed of 2.5m/s, which is also the desired speed. The
L-shape path consists of straight line L1={(x,y)|y=0,x<10}
and L2={(x,y)|x=10,y>=0}. The other two follower WMRs
start from [-4,4,0], [-4,-4,0] and follow the leader while
preserving the desired inter-distance of 5m and the relative
angles of π / 4 and 3π / 4 radians from the leader. The
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Fig. 2 Shape distortion in example 1

controller for the leader is a path following control. Path
following control is to control a robot to follow a given path at
a given speed. The controller for the follower WMRs is
l − ψ controller. The input-output linearization technique in
Section IV shows that, when we take second order derivative
of the outputs l and ψ , the torque input appears. Then the
transfer functions for the desired l and ψ between the inputs
and outputs in the linearized close-loop model are
H dis ( s ) =
H ang ( s ) =
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Fig. 4 Shape distortion in example 2
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k pd
s 2 + kv d s + k p d ,

(1)

kpa
s 2 + k v a s + k pa

and we choose the control gains kpd=0.5, kvd=2 and kpa=0.5,
kva=2, respectively.
As an example of traversing a path with a given formation,
we choose an L-shape path that is followed by three WMRs
with a given l − ψ formation. In Fig. 1 we observe the path
of the three WMRs following an L-shape path while
preserving a triangular formation. As expected, during the
sharp bend, the formation is perturbed but is soon recovered
since the formation control algorithm is stable. In order to
quantitatively capture the shape distortion of the formation,

we use the concept of Procrustes distance [18]. The
Procrustes distance is defined based on the following
definitions.
Definition 1 [18] The configuration is the set of
landmarks on a particular object. The configuration matrix
X is the k×m matrix of the Cartesian coordinates of the k
landmarks in m dimensions. An m×m rotation matrix satisfies
Γ T Γ = ΓΓ T = I m and Γ = 1 . The set of all m×m rotation
matrices is known as the Special Orthogonal group SO(m). If
a k×k matrix has its first row with elements equal to k −1 / 2 and
the remaining rows are orthogonal to this first row, this matrix
is Helmert matrix. Let Helmert matrix minus its first row be
Helmert sub-matrix. The jth row of the Helmert sub-matrix
H is given by
(h j ,..., h j ,− jh j ,0,...,0), h j = −{ j ( j + 1)}−1/ 2
and so the jth row consists of hj repeated j times, followed by
jhj and then k-j-1 zeros, j=1,…,k-1.
For k=3, the full Helmert matrix and submatrix are
 1/ 3

H F = − 1 / 2
− 1 / 6


1/ 3
1/ 2
− 1/ 6

1/ 3 

0 
− 1 / 2
H =
2 / 6 
− 1/ 6
,

1/ 2
0 

−1/ 6 2 / 6 
(2)

Definition 2 [13] The size-and-shape of a configuration
matrix X is all the geometrical information about X that is
invariant under location and rotation (rigid-body transformations), and this can be represented by the set [X]S given
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friction coefficient chosen for this simulation is 0.3. The
triangular formation evolution and shape distortion during the
L-shape path following can be observed in Fig. 5 and Fig. 6.
Because of slip, the leader cannot take a sharp turn and as a
result, the formation control becomes unstable quickly.
Thus it can be seen that formation control algorithm is
sensitive to slip, which is intuitive from a physical
understanding. We argue in this paper that a realistic
formation control algorithm for WMRs should consider
wheel slip. We develop such a formulation in the next section.
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Fig. 6 Shape distortion in example 3

by [ X ] S = { X H Γ : Γ ∈ SO(m)} , where XH=HX. The Procrustes
distance dP is obtained by matching the Helmert coordinates
XH1 and XH2 of X1 and X2 as closely as possible over rotations.
Thus d ( X , X ) = inf X − X Γ .
P

1

2

Γ∈SO ( m )

H1

H2

This Procrustes distance represents shape distortion in our
formation control task, where X1 is the configuration matrix
for three WMRs in the actual formation, and X2 is the
configuration matrix for three WMRs in the desired
formation. Both X1 and X2 are 3×3 matrices. Fig. 2 shows the
shape distortion as the team follows the L-shaped path trying
to preserve the desired formation. As can be observed,
initially there was a shape distortion (we chose that way) from
which the team was trying to recover (up until approximately
4s) when the leader takes the sharp turn. The shape distortion
increases quickly. However, since this is a stable formation
control algorithm, the team converges to their desired shape
and the shape distortion goes to zero.
Now we demonstrate that the formation is still stable if
small amount of slip occurs. In this case, everything is the
same as the previous example except that each WMR has a
slip-traction model. We use the model in Section III for this
example. The friction coefficient chosen for this simulation is
0.7. The triangular formation evolution and shape distortion
during the L-shape path following can be observed in Fig. 3
and Fig. 4. Because the amount of slip is small, sufficient
traction can be provided for stable formation control.
However, the actual formation cannot converge to the desired
formation because the controller does not have the knowledge
of slip thus cannot compensate slip.
Next we demonstrate that this stable formation becomes
unstable if large amount of slip occurs. In this case,
everything is the same as the previous example except that the

There is no literature to our knowledge that has considered
wheel slip in formation control of WMRs. However, there has
been some important work in modeling and control of wheel
slip for individual WMR. In [19] anti-slip factor was
introduced to represent the amount of slip. In [20-21] slip is
introduced into kinematic WMR modeling and control. In
[22][23] longitudinal slip was considered in WMR. In [24-26]
the traction forces were introduced into WMR modeling and
approximated to be linearly dependent on slips. In this paper,
we model wheel slip in the overall nonholonomic WMR
dynamics and exploit the slip and traction force such that the
maneuverability of the WMR can be improved for formation
control.
The WMR subject to wheel slip is modeled as in Fig. 7,
where Pc is the center of mass of the WMR, P0 is the center of
the wheel shaft, d is the distance from center of mass Pc to P0,
b is the distance from the center of each wheel to P0. F1 and F2
are the longitudinal traction forces for wheel1 and wheel2,
respectively. F3 is the total lateral traction force. Note that a
dynamic model needs to be studied in order to take into
account the effect of slip on the WMR. The equations for the
dynamic WMR model are derived from Newton’s Law as
shown in (3).
M&x&c = ( F1 + F2 ) cos φ − F3 sin φ

(3.a)
M&y&c = ( F1 + F2 ) sin φ + F3 cos φ
 &&
 Iφ = ( F1 − F2 )b − F3d
 I wθ&&1 = τ 1 − F1r
(3.b)
 &&
 I wθ 2 = τ 2 − F2 r

where M is the mass and I is its moment of inertia of the
WMR, respectively, Iw is the moment of inertia of each wheel
about the wheel axis, r is the wheel radius, φ is the
orientation of the WMR,
the i-th wheel, and

τi

θi

is the angular displacement of

is the wheel torque applied to the i-th

wheel. Equation (3.a) represents the entire WMR dynamics in
the plane while (3.b) represents the spinning dynamics of the
wheels.
The lateral and longitudinal traction forces are functions of
slip angle (sa) and slip ratio (sr), respectively, and are
modeled following the Pacejka model [27] in the literature.
The slip angle and the slip ratio are defined as
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sri =

η&
rθ&i − vi ,
sa = tan −1 ( ) ,
v
vi

(4)

where vi is the longitudinal speed of the center of the i-th
wheel, v = (v1 + v2 ) / 2 is the forward speed, η& is the lateral
speed of the center of each wheel. They satisfy the following
nonholonomic constraints [28]
(5)
v1 = x& c cos φ + y& c sin φ + bφ&

v2 = x& c cos φ + y& c sin φ − bφ&
η& = y& cos φ − x& sin φ − dφ&
c

(6)
(7)

c

where (xc, yc) is the coordinates of Pc.
Note that, unlike classical nonholonomic constraints of
WMR, the above constraints allow both longitudinal and
lateral slips.
The traction force between a wheel and a surface is
modeled as [27]
F = K1 sin K 2 tan −1 SK 3 + K 4 tan −1 (SK 3 ) − SK 3 + S v , (8)

(

(

(

)))

where S is a function of slip angle for lateral traction force and
slip ratio for longitudinal traction force. All other variables Ki,
i=1,…,4 and Sv are constants and are determined from the
curve fitting process of the empirical data. K1 is proportional
to friction coefficient. Fig. 8 shows an example of lateral
traction forces with friction coefficient 0.7 and 0.3,
respectively. The example of longitudinal traction force is
omitted as its profile is similar to that of the lateral traction
force.
Since Fi (i=1,2) is a functions of sri(i=1,2), sri(i=1,2) is a
function of θ&i (i=1,2) and
(i=1,2),

θ&&i (i=1,2)

is a function of

τi

F&i (i=1,2) becomes a function of τ i (i=1,2), as shown

in (9). Thus after taking the derivative of (3.a), it becomes a
third order system with τ i as the input.
IV. MULTI-WMR FORMATION CONTROL SUBJECT TO SLIP

We approach the dynamic path following control [17]
problem of the leader by applying input-output linearization
technique. Define a look-ahead point Pl on the robot as in Fig.
7. The dynamic path following is to maintain this point on the
desired path and maintain its forward velocity, i.e., speed of
this point along moving direction, at the desired velocity. The
coordinates of Pl of the leader are given by
xl = xc + L cosφ
(10)
yl = yc + L sinφ ,
where L is the distance from Pl to Pc.
Define the output equation for Pl as h = [h1 (q ) h2 (q& )]T where
h1 is the distance of the leader from the desired path, h2 is the
leader’s forward velocity and q = [ xc , yc ,φ ]T . Although
dynamic path following can be applied to both straight lines
and circular paths [17], we take the straight line path as an
example.
For straight line paths, h1 (q ) becomes
h1 (q ) =

| C1 xl + C2 yl + C3 | ,
2
2
C1 + C2

(11)

where all Ci , i =1,2,3 are constants used to describe the
straight-line. From (11), we see that the shortest distance
between the look-ahead point and the path can be taken as h1
. The forward velocity of the WMR can be written as
(12)
h2 (q& ) = x&c cosφ + y& c sin φ .
Now, we proceed to develop a nonlinear controller based
on the input-output linearization technique such that
∂ 2 J h1 3
∂J h
∂h
h&1 = 1 q& = J h1 q& , &h&&1 =
q& + 3 1 q& q&& + J h1&q&&
∂q
∂q 2
∂q
∂J h 2
∂h
(13)
q&& + J h &q&& .
h&2 = 2 q&& = J h q&& , h&&2 =
∂q&
∂q&
As an example, for the straight-line path,
1
[C C C L cosφ − C L sin φ 0 0 0 0] and
J =
2

2

2

h1

2

C1 + C 2

2

1

2

2

1

4.1 Dynamic Path Following Control for the Leader
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Fig. 7 WMR model subject to wheel slip.

K3
K1K 2 cos( K 2 tan −1 ( K 3 sri + K 4 (tan −1 ( K 3 sri ) − K 3 sri )))( K 3 + K 4 (
2 − K 3 ))
1 + K 32 sri
rviτ i − Fi r 2vi − rI wθ&i v&i
F&i =
2
−1
2
1 + ( K 3 sri + K 4 (tan ( K 3 sri ) − K 3 sri ))
I wvi
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(9)

J h2 = [cosφ sinφ 0] . J h = ∂hi (i=1,2) is known as the
∂q
Jacobian matrix and we can use them to compute the
decoupling matrix, Φ as follows,
i

Jh 
Φ =  1
 J h2  .

(14)

H dis ( s) =

We utilize the decoupling matrix to establish the
input-output feedback linearization as shown below,
&h&&1   J&&h1 
 J&h  &
(15)
)q&& + Φ&q&&
 &&  =  q& + ( 1  + Φ
0
h2   0 
.
If we represent (15) in the form of [&h&&1 h&&2 ]T = U + V&q&& ,
where &q&& is a function of F& as in (3) and F& is a function of
wheel torque as in (9), we can have dynamics between input
and output as [&h&& h&& ]T = P + Qτ where τ is torque input
1

2

vector. Thus the slip-traction characteristics are included
within the control dynamics of the WMR. If we design a new
control input as ud = P + Qτ , the system is linearized to be
[&h&& h&& ]T = u , for which we can design a linear controller as,
1

2

u d = [&h&&1

control algorithm that did not work when the terrain was
slippery. We consider everything to be the same as in the
second example in Section II except for the controllers of the
WMRs. The transfer functions for desired l and ψ in the
linearized close-loop model are

d

h&&2 ]T desired + K i [e&&1

e&2 ]T + K v [ e&1

e2 ]T + K p [e1

0]T (16)

where ei = hi _ desired − hi _ actual and Ki, Kv and Kp are control
gains for the linearized system. Then the torque input to the
original nonlinear system becomes
(17)
τ = Q −1 (ud − P) .
We call this controller a slip-sensitive controller.
4.2 Follower Control
For each follower in the formation, its distance l and
orientation ψ from its direct leader are controlled to
maintain at desired values. Define the output as
h f = [ h f 1 (q ) h f 2 (q& )]T
where hf1 is the distance of the follower from its leader,
h f 1 (q ) = ( xl ( follower ) − xl ( leader ) ) 2 + ( yl ( follower ) − yl ( leader ) ) 2 (18)

H ang ( s) =

K pd
3

2

s + Ki d s + Kv d s + K p d ,
K pa
3

2

s + Ki a s + K v a s + K p a

and the control gains Kpd=50, Kvd=200.5, Kid=102 and Kpa=50,
Kva=200.5, Kia=102, respectively. These control gains are
derived by letting the frequency response of the close-loop
model in this case same as that in the first example in Section
II. To do so, we need to find a number a>>1 such that
( s + a )( s 2 + k v d s + k p d ) = s 3 + K i d s 2 + K v d s + K p d
.
( s + a )( s 2 + k v a s + k p a ) = s 3 + K i a s 2 + K v a s + K p a
We set a=100, hence Kpd=a*kpd=50, Kvd=kvd*a+kpd=200.5,
Kid=a+kvd=102,
Kpa=a*kpa=50,
Kva=kva*a+kpa=200.5,
Kia=a+kva=102.
The formation evolution and shape distortion during L-shape
path following can be observed in Fig. 9 and Fig. 10. Note
that when the slip is considered in the controller, slip is
compensated, the formation converges to the desired shape
and the shape distortion goes to zero.
VI. CONCLUSIONS
This is the first time to our knowledge that mobile robot
formation control has been studied in the presence of wheel
slip. The first contribution of this paper is to show that a
stable formation can become unstable if the slip is significant.
We then proceed to develop a slip-sensitive controller that
can stabilize the formation even when slip is significant.
Note that the developed slip-sensitive controller

and hf2 is the orientation of the l vector relative to the leader’s
orientation,

yl ( follower ) − yl ( leader )
xl ( follower ) − xl ( leader )

) − φleader

60

50

(19)

and xl and yl are defined in (10) for both leader and follower.
Then the input-output linearization technique in Section 4.1
can be applied and a linear control law can be derived for each
follower, which is omitted in this section. The input to the
(20)
original nonlinear system becomes τ = Q f −1 (ud − Pf )
.
Note that the slip-sensitive controller presented here
assumes the knowledge of slip to develop the controller for
formation control in simulation. In real world, slip will not be
known a priori. It will be either measured or estimated
[29-33].

40

y-position(m)

h f 2 ( q ) = tan −1 (

(21)
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V. SIMULATION RESULTS
In this simulation, we show that when the slip-sensitive
controller is used, it is possible to stabilize the formation
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compensates for the slip as much as possible, however, it
cannot guarantee that it can achieve the desired forward speed
under large slip. The forward speed is limited by the physics
of slip-traction characteristics, and an arbitrarily high speed
cannot be achieved if there is not enough traction. The
formation control algorithms that do not consider slip cannot
decide at what speed they will not be able to follow the
formation. Our presented approach will be aware of speed
limitation for a given slip-traction characteristic and will be
able to adjust speed to keep the formation stable. In the future,
we will develop a robust outer control loop to compensate for
modeling uncertainty that may impact input-output
linearization.
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