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Improving navigation performance of autonomous wheeled mobile robot (WMR) in a dynamic unstructured environment
requires improved maneuverability. In such cases, the dynamics of wheel slip may violate the ideal no-slip kinematic
constraints generally used to model nonholonomic WMR. In this paper, a new method is proposed to tackle the modeling inadequacy that arises when slip is neglected by including both longitudinal and lateral slip dynamics into the overall
dynamics of the WMR. This new model of the WMR provides a realistic simulation environment that can be utilized to
develop model-based controllers to improve WMR navigation. In this paper, a dynamic planner with a path-following
controller is designed to allow the WMR to navigate efﬁciently by autonomously regulating the generated traction force
due to wheel slip. Extensive simulation results demonstrate the importance of the proposed modeling technique to
capture slip phenomenon and the efﬁcacy of the presented control technique to exploit such slip for better navigation
performance.
Keywords: nonholonomic wheeled mobile robot; wheel slip; path-following control; traction circle

1. Introduction
The application of wheeled mobile robots (WMRs) has
been rapidly increasing in recent years. While the overall
capabilities of the WMRs have improved signiﬁcantly
over the years, the ability of the WMR to operate autonomously at a high speed on unstructured environment
remains as a challenge. We argue that wheel slip is an
important factor that can impact WMR navigation in
such applications (e.g. target chasing, dynamic obstacle
avoidance etc.) and can effectively be exploited to
improve maneuverability. However, any planner and controller that need to be developed to meet this challenge
must be extensively investigated in simulation environment before they can be applied to real robots to minimize both risk and cost factors. In recent years,
researchers have developed sophisticated simulation
environment for WMR, such as Player/Stage and Microsoft Robotics Studio, that provide realistic modeling platforms to develop planning and control methodologies for
WMRs. While these platforms have become quite useful
for general WMR applications, they do not provide
mechanisms to model wheel slip and, thus, may not be
as effective in applications where slip is a signiﬁcant factor. Instead, these simulation platforms offer high-level
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planning strategies to offset the effect of slip when the
WMR is deployed in real-world environment.[1] One of
the problems of this approach is that one cannot fully
exploit the capabilities of model-based control approach,
which is the predominant control strategies in WMR literature, since the model does not capture the slip phenomenon. In order to clarify this point, let us consider
Figure 1. In Figure 1(a), we present the tracking performance of a proportional-integral-derivative navigation
controller in negotiating right-angled path in MobileSim
simulation environment for a Pioneer P3DX robot. Since
the tracking is acceptable in the simulation environment,
we use the same controller with the same gains to replicate the tracking performance in the real environment, as
shown in Figure 1(b) and (c). When the wheel slip is not
large (Figure 1(b)), the tracking performance reasonably
mirrors simulation results. However, when the wheel slip
is large (Figure 1(c)) (i.e. when we made the ﬂoor slippery), the navigation performance of the same controller
becomes unacceptable (i.e. the WMR deviates more than
90° from the desired path). Ideally, a well-designed controller should be able to rectify the error in path following, possibly by autonomously reducing the desired
forward velocity, such that the WMR stays on the path.
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Figure 1. Robot path following (a) simulation (from top view)
showing (b) small slip, and (c) large slip.

Since the simulation environment does not model slip, it
negates the beneﬁt of the effort spent in developing the
controller in the simulation environment, as seen in
Figure 1(c).
We, therefore, argue in this paper that it is important
to explicitly model slip within the WMR dynamics and
utilize such models to develop model-based control strategies for WMR navigation. A review of WMR literature
indicates that conventional modeling of a WMR assumes
nonholonomic no-slip constraints at the contact point
between a wheel and the ground surface.[2–6] These
constraints are developed based on the ideal case where
the longitudinal motion of the wheel is pure rolling and,
as such, the longitudinal slip at the contact point between
the wheel and the surface is always zero. The lateral slip
at the contact point is also assumed to be zero. Such
assumptions are acceptable if the WMR moves slowly,
on a regular surface where slip is negligible. However,
when the WMR moves at a high speed on an irregular

surface (e.g. a slippery surface) such no-slip assumptions
cannot be justiﬁed. It is important to understand how slip
impacts WMR navigation by developing system models
that allow systematic investigation of wheel slip. There
are a few recent papers that present approaches to model
wheel slips. Motte and Campion [7] is one of the earliest
papers which considers slip in the WMR dynamic
model. The authors modeled the slip as a small constraint violation covering the linear part of the traction
curve. Lin et al. [8] represented a novel way to model
the constraint violation due to wheel slip using an antislip factor. By using anti-slip control, the simulation
results promised stability for the desired robot trajectory.
Tarokh, McDermott and Volpe [9,10] introduced the slip
states into a generalized WMR kinematic model. Dixon
[11] treated slip as a small, measureable, bounded perturbation in the WMR kinematic model. Ramakrishna and
Ghosal [12] indirectly included traction force in the system model by measuring the magnitude of slip. However, the slip was assumed to be very small, thus, was
omitted in the system dynamic equation. Jung, Hsia and
Stonier [13,14] applied similar concept but speciﬁc to
lateral traction on a bicycle model and on an omni-directional WMR, respectively. Small slip angle was found to
be proportional to lateral traction force and was embedded in the dynamics of skid steer WMR as reported in
[15]. However, the model did not address the large slip
angle. Lin et al. [8] introduced the notion of slip space
to analyze the dynamics of slip of an omni-directional
WMR and Graciam and Tornero [16] proposed slip
model based on successive approximation of WMR
dynamics which is based on industrial forklift.
In this paper, as our ﬁrst contribution, we present a
general dynamic modeling approach that can model both
longitudinal and lateral wheel slips which utilizes the
overall range of slip–traction relationship within the
original dynamics of the WMR. We argue that the inclusion of the slip dynamics into the overall dynamics of
the WMR will allow the development of advanced
planning and control mechanisms that can take advantage of the slip phenomenon instead of trying to neglect
or suppress it.[7,17,18] In particular, as our second contribution of this paper, we design a dynamic planner and
a path-following controller that can ensure the navigation
stability when the WMR is subjected to both longitudinal
and lateral slips. The paper is organized as follows: in
Section 2, a new, generalized dynamic modeling technique of the WMR is developed. This is followed by a
discussion on the design of the dynamic path-following
controller in Section 3. Simulation results are presented
in Section 4 to demonstrate the efﬁcacy of our proposed
modeling and control technique for surfaces with
different friction coefﬁcients. Section 5 presents the
conclusion of this paper as well as the direction of future
works.
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2. Modeling framework
2.1. Dynamic model of a general nonholonomic WMR
In this paper, we adopt the Lagrangian formalism to
derive the dynamic equation of a WMR. While the parts
of the following formulation are not new and were previously explored by several researchers,[7,14,19–22] we
present this formulation since it is needed to combine
the slip dynamics with that of the WMR. When the
WMR is subjected to the nonholonomic kinematic constraints on a planar surface, the equation of motion can
be written in the following generalized form:
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_ ¼ B(q)u þ AT (q)r
M (q)€
q þ C(q; q)

(1)

where q 2 <n1 is a vector of generalized coordinates
and q_ 2 <n1 is a vector of linear and angular velocities
of generalized coordinates. M (q) 2 <nn is a symmetric
_ 2
positive deﬁnite inertia matrix of the system. C(q; q)
<n1 is the centrifugal and Coriolis forces vector.
B(q) 2 <n(nm) and u 2 <(nm)1 are the input transformation matrix and input vector, respectively. r 2 <m1
is a vector of Lagrange multipliers and AT r corresponds
to the generalized forces related to the kinematic
constraints. The constraint equations can be deﬁned as:
A(q)q_ ¼ 0

(2)

A(q) 2 <mn is a matrix associated with the kinematic
constraints of the nonholonomic system.
For the WMR shown in Figure 2, the generalized
system coordinates are given as:
T

q ¼ ½xc ; yc ; /; h1 ; h2 ; h3 ; :::; hn1 ; hn 

(3)

where (xc ; yc ) is the coordinate of the reference point
on the WMR platform, / is the platform orientation
with respect to an inertial frame fxI ; yI g, and hi ; i ¼
1; 2; . . . ; n are the wheel angular displacements. In many
conventional systems, the constraint equations in Equation (2) are deﬁned under the assumption that the wheels
roll without longitudinal slip and there is no lateral slip.

yI

wheel n

Hence, if slip occurs, these assumptions are clearly violated. In this paper, we argue that the modeling of the
WMR that is based on the assumption of wheel pure rolling and zero lateral slipping (for WMR with unicycle
type of wheel) in a real practical situation is rather
unrealistic. Our solution it to relax the assumptions by
introducing new state due to wheel slips. As shown in
Figure 3, we introduce fi and gi to represent the longitudinal slip and the lateral slip displacements when the
wheel is rolling from time t to t þ Dt, for the ith wheel
of the WMR, respectively. The wheels are rigidly connected to the WMR’s body, as shown in Figure 2.
Hence, we can write slip coordinates in the following
vector form:
T

q2 ¼ ½g1 ; f1 ; g2 ; f2 ; :::; gn ; fn 

q ¼ ½qT1 qT2 T

m(t) 2 <(nm)1 ; 8t

(6)

_ ¼ S(q)m(t)
q(t)

(7)

so as,

We can use Equation (7) to eliminate the Lagrange
multipliers in Equation (1). We further differentiate
Equation (7), to get state acceleration as follows:
_
€q ¼ S(q)m(t)
þ S(q)_m(t)
t = t1

z

(8)

t = t1 + Δ t

φ

z
ηi

x

x

rθ i + ζ i
wheel 3

(5)

The new coordinate system allows us to describe the
motion of the system in the presence of slip. We then
deﬁne S(q) 2 <n(nm) to be a full rank matrix formed
by a set of smooth and linearly independent vector ﬁelds,
spanning the null space of A(q). Thus, the result of multiplication of these matrices, S(q)T A(q)T ¼ 0. It is then
possible to ﬁnd a set of vector of time functions,

(x c , y c )

wheel 2

(4)

In order to include the slip dynamics into the overall
dynamics of the WMR, let us rename the original set of
generalized coordinates, q in Equation (3) as q1 . We then
augment the generalized coordinates q1 by including the
slip coordinates q2 to form a new set of generalized
coordinates as follows:

x

y
xI
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y

y

wheel1

Figure 2. Generalized nonholonomic WMR platform.

Figure 3. Wheel’s rolling with both longitudinal and lateral
slip displacements on planar surface.
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By introducing Equations (7) and (8) into Equation
(1), we get:
_  C  Bu)
m_ (t) ¼ (S T MS)1 S T (M Sm

(9)

where m_ (t) are the acceleration of vector time function
deﬁned in Equation (6). We can utilize Equation (9) to
develop a suitable model-based controller.
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2.2. Detailed modeling of a two-wheeled nonholonomic
mobile robot with wheel slips
The WMR, shown in Figure 4, is a standard platform of
a nonholonomic two-WMR. It has two unicycle driving
wheels and a caster wheel. The driving wheels are powered by DC motors and have the same wheel radius, r.
The center of mass (COM) is located at point Pc and Pl
is deﬁned as a look-ahead point located on the x-axis of
the WMR body. Point Po is the origin of WMR axis,
which is located at the intersection of the longitudinal xaxis and the lateral y-axis. a is the length of the WMR
body and b is the distance measured from the center of
the robot body to the center of the wheel. d denotes the
distance between point Po and point Pc along the x-axis.
The origin of the inertial frame {X,Y} is shown as PI
and as such allows the pose of the WMR to be completely speciﬁed through the following vector of generalized coordinates,
q ¼ ½xc ; yc ; /; h1 ; h2 

T

(10)

where xc and yc are the coordinates of the COM. u represents the orientation of the WMR frame from the inertial frame and ½h1 ; h2  is the angular displacement vector
for the WMR driving wheel1 and wheel2 , respectively.
In this paper, we want to investigate the navigation
problem of a nonholonomic WMR when the ideal
no-slip assumption does not hold true, thus we start by

Y
X
PI

y

x

Pl

Pc

wheel 2
b

Po

two-wheeled

T

(11)

generalized coordinate vector, q ¼
spans the space <nþs , where q1(51) is
the original generalized vector and q2(41) is the slip vector. Using the new generalized vector, we can formulate
the rolling constraints of the WMR with two ﬁxed driving wheels in the following form:
The

½qT1(1n)

new

qT2(1s) T

rh_1 þ f_ 1 ¼ x_ c cos / þ y_ c sin / þ b/_
rh_ 2 þ f_ 2 ¼ x_ c cos / þ y_ c sin /  b/_

(12)

Equation (12) relaxes the assumption of no slipping
by allowing the longitudinal velocity of the COM at
point Pc to be a summation of the longitudinal velocity
generated by the wheel angular velocity and the longitudinal slip velocity.
The same idea can be applied to develop the knifeedge/lateral constraints. Note that lateral slip in each
wheel of a WMR is independent if the wheels are connected to the body of the WMR with mechanisms that
allow relative motion (e.g. connected using springs and
dampers). However, in our case, as shown in Figure 4,
the two wheels of the WMR are rigidly connected to the
body of the WMR and thus cannot have two different
lateral slips as can be seen from the following equations
where both g_ 1 and g_ 2 have the same expressions,

φ

g_ 2 ¼ y_ c cos /  x_ c sin /  d /_

(13)

wheel 1

a

Figure 4. A
platform.

q ¼ ½xc ; yc ; /; g1 ; g2 ; f1 ; f2 ; h1 ; h2 

g_ 1 ¼ y_ c cos /  x_ c sin /  d /_

l

d
b

introducing the new slip coordinate vector, q2 ¼ ½g1 ; g2 ;
f1 ; f2 T . This slip vector is composed of four components
that represent longitudinal slip displacements f1 and f2 ;
and lateral slip displacements g1 and g2 for wheel1 and
wheel2 , respectively. The slip vector can be easily
expanded to accommodate a WMR with more wheels.
We then augment the generalized coordinate vector in
Equation (10) to include the slip vector to develop a
new augmented vector of generalized coordinates as
follows:

nonholonomic

mobile

robot

where lateral slip is allowed to occur along the turning
axis of the WMR during cornering. In this paper, we
analyze the effect of both slips, particularly, to
investigate the agility of WMR navigation to negotiate
sharp cornering. Now, after we rearrange the coordinate
system, the new constraints deﬁned above can be

Advanced Robotics
rewritten in the form of Equation (2). We ﬁnd this matrix
to be a full rank matrix. We then construct matrix
S(q) 2 <95 and choose an auxiliary vector time function of m(t) 2 <51 . We select the function that has direct
relationship to the generalized force as:
T
m ¼ ½g_ 2 ; f_ 1 ; f_ 2 ; h_ 1 ; h_ 2 

631

2.3. Traction force model
In this paper, we investigate the effect of both longitudinal traction force during acceleration and deceleration
and lateral traction force during turning on the WMR
navigation. The value of longitudinal traction force,
flongid i , varies based on the magnitude of slip ratio,

(14)

sri ¼



where Tr is the kinetic energy of the WMR body and,
Tw1 and Tw2 are the kinetic energies for wheel1 and
wheel2 , respectively. Note that the terms in Equation
(15) associated to the slip variables are, in essence, the
work done by the longitudinal and the lateral friction
forces. Next, we introduce a vector of lateral and longitudinal traction force,
_ ¼ ½0; 0; 0; flat 1 ; flat 2 ; flongid 1 ; flongid 2 ; 0; 0 :
F(q)
T

sai ¼ tan1

(a)

(b)

combined traction force (N)

100
80
60
40
20
2

0

0

normalized slip angle

50
40
30
20
10
0
2

2
1

1

-2

-2

0

0

-1

-1

-1

-1

normalized slip ratio

(18b)

abs(rh_ i )

where S is a function of slip angle or slip ratio for lateral
and longitudinal tractions, respectively. All the variables,
Ki ; i ¼ 1; . . . ; 4 and Sv, are constants and determined
from the curve ﬁtting process of the empirical data and
can also be related to the tire characteristics. There are
several ways to combine the formula for longitudinal
and the lateral tractions together as reported in [24]. In
this paper, we apply the concept of traction circle to
measure the combined traction force.

(17)

1



(19)

_  F)
k ¼ (S T MS)1 S T (M Sm

1

g_ i

F ¼ K1 sin (K2 tan1 (SK3 þ K4 (tan1 (SK3 )  SK3 ))) þ Sv

Each individual value of the traction force vector is
calculated from the magnitude of the respective slips
based on the concept of traction circle. Now, the dynamics of the WMR can be written as a coupled nonlinear
system, m_ ¼ k þ js (i.e. Equation (9)) where,

0
2

(18a)

An elegant, semi-empirical model based on curve
ﬁtting, called Pacejka model or Magic formula, has
been widely accepted in industry and academia[23] to
generalize the model of traction force vs. tire slip. The
equation is written in the following form:

(16)

j ¼ (S T MS)1 S T B

f_ i
rh_ i  V
¼
_
abs(rhi ) abs(rh_ i )

Meanwhile, the function of lateral traction force, flat i
takes slip angle, sa, as its main input. Slip angle is
deﬁned as the angle between the instantaneous velocity
of the WMR and the instantaneous linear velocity of the
wheel. This angle is the result of the lateral slip and is
deﬁned as follows:

1
1
Tr ¼ mr (_x2 þ y_ 2 ) þ Irz /_ 2
2
2
1
1
1
1
2
_
_
Tw1 ¼ mw (rh1 þ f1 ) þ mw g_ 12 þ Iwz /_ 2 þ Iwy h_ 12 (15)
2
2
2
2
1
1
1
1
Tw2 ¼ mw (rh_ 2 þ f_ 2 )2 þ mw g_ 22 þ Iwz /_ 2 þ Iwy h_ 22
2
2
2
2

combined traction force (N)

Downloaded by [VUL Vanderbilt University] at 12:24 25 June 2013

In order to formulate the inertia matrix, we deﬁne the
kinetic energy of the WMR as follows:

normalized slip angle

-2

-2

normalized slip ratio

Figure 5. Traction force vs. slip-angle/slip ratio relationship for two surfaces with different friction coefﬁcients (a) 1.0 and b(b) 0.5.
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In Figure 5, we illustrate two examples of combined
traction forces developed using Equation (19) on surfaces that have the coefﬁcients of friction of 1.0 (Figure 5
(a)) and of 0.5 (Figure 5(b)). It can be seen from these
ﬁgures that the magnitude of traction force varies with
the slip quantities. The traction force has its maximum
all the way around the traction circle. The region in the
‘cup’ (i.e. from the origin to the circular peak of the
curve) represents a stable region. Once the slip quantities
exceed the peak values, the traction force begins to
decrease gradually and thus the region outside the ‘cup’
is known as unstable region. When entering this region
from a stable ‘cup’ region, the loss of grip of the tire on
the surface is sudden and may send the WMR out of
control. It is our objective to optimize the control objectives while staying in the stable region.

y ¼ h ¼ ½ h1 (q) h2 (m) 

We now present the design of a path-following controller
that allows the WMR to navigate in the presence of slip.
The goal here is to ensure that the WMR can follow a
speciﬁc path with a desired forward velocity while negotiating slip. However, if the WMR determines that it is
becoming unstable while trying to achieve the desired
velocity due to slip, then it will autonomously reduce the
forward velocity exploiting the maximum allowable traction forces from the slip–traction properties to follow the
path under the given condition. In this paper, by navigation performance, we mean the ability of the WMR to
follow a given path with a given forward velocity. However, between these two tasks, we assign a higher priority on staying on the path over achieving the desired
forward velocity if wheel slip causes instability.
3.1. Output equations and feedback linearization
In this work, based on the dynamic model previously
developed, we approach the problem of WMR navigation under the path-following formulation. Referring to
Figure 4, the coordinates of the look-ahead point Pl are
given by:
(20)

By following the conventional wisdom in which one
drives a car, we can establish the following two driving
objectives:
(1) The WMR has to pursue a given prescribed path
as closely as possible, and
(2) The WMR has to travel the path with a given
desired forward velocity.

(21)

where h1 (q) is a measure of the ﬁrst objective and h2 (m)
is a measure of the second objective.
Since any set of paths can be constructed through a
combination of circular path segment and straight line
path segment,[10] we develop explicit equations for
h1 (q) for both circular and straight line paths. For a circular path, h1 (q) can be formulated as follows:
h1 (q) ¼ h1 (xc ; yc ; /)
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ ((xl  xf )2 þ (yl  yf )2 )  R

3. Control and navigation

xl ¼ xc þ l cos /
yl ¼ yc þ l sin /

Based on the above objectives, we can establish the
output equations where the ﬁrst equation relates the
shortest distance between the WMR (a reference point
on the WMR platform) and the desired path. The second
equation is to describe the WMR forward velocity. Let
the output equation be represented by a vector y, where,

(22)

Pf ¼ (xf ; yf ) is the instantaneous center of circular path
with respect to an inertial frame and R is the instantaneous radius of the circular path. Points Pl ¼ (xl ; yl ) (the
look-ahead point) and Pc ¼ (xc ; yc ) (the COM) are
related through Equation (22).
As for a straight line path, the output equation
becomes:
h1 (xc ; yc ; /) ¼

C1 xl þ C2 yl þ C3
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C12 þ C22

(23)

where all Ci ; i ¼ 1; 2; 3 are constants used to describe
the straight line. From Equations (22) and (23), we see
the shortest distance between the look-ahead point and
the path can be taken as the absolute value of h1 . After
the introduction of longitudinal slip, the forward velocity
of the WMR can be written as follows:
h2 (m) ¼ x_ c cos / þ y_ c sin /
¼

(rh_ 1 þ f_ 1 ) þ (rh_ 2 þ f_ 2 )
2

(24)

where h_ 1 , h_ 2 , f_ 1 , and f_ 2 are m2 , m3 ;, m4 , and m5 , respectively.
Now, we proceed to develop a nonlinear controller
based on the feedback linearization technique. The
decoupling matrix for feedback linearization for the
above output equations is derived as follows:
€y1 ¼

@(Jh1 S(q))
_ þ Jh1 (q)S(q)_v
qm
@q
y_ 2 ¼ Jh2 v_

(25)

Advanced Robotics
and we can set v_ ¼ u where u is the new input to the
control system.
i
Jhi ¼ @h
@q is known as Jacobian matrix and we can
use them to compute the decoupling matrix, U as
follows:


J (q)S(q)
U ¼ h1
Jh2


(26)

We utilize the decoupling matrix to establish the
input-output feedback linearization as shown below:
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€y ¼

€y1
y_ 2



 
m
¼ U_
þ Uu
0

(27)

If we let u ¼ m_ and represent Equation (28) in the
form of €y ¼ U þ V m_ , with Equation (17) we can write €y
in the following form:
€y ¼ U þ V k þ W s

(28)

where W ¼ V j. The relationship between torque and
traction force can then be determined directly from the
inverse dynamic relationship as given:
s ¼ W 1 (ud  U  V k)

(29)

where W 1 is taken to be the inverse of W. If we let
error, e ¼ hi desired  hi actual , then the desired control ud
can be computed as follows:
u ¼ €ydesired þ Kv e_ þ Kp e

(30)

where Kv and Kp are constant gains for the linear outer
feedback loop chosen to ensure the convergence of the
control error.
3.2. Dynamic planner
In order to implement the dynamic planner with the
path-following controller, which is subjected to wheel
slip, we model the desired control input using a function
of traction force as follows:
J (F) ¼

Fmax F
abs(Fmax  F)l

(31)

where l is the decay factor and fmax is the peak traction
force and is dependent on the type of ground surfaces. F
is instantaneous traction force related to Equation (19).
Now we deﬁne,
K(F) ¼

1
1 þ abs(J (F))

(32)
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which behaves as a weighted coefﬁcient to the desired
forward velocity. From Equation (32), we notice that the
weight approaches the value of 1.0 as the traction force
gradually moves away from the prespeciﬁed allowable
maximum traction, Fmax . It converges to zero as it
approaches Fmax . The rate of convergence can be set by
using the decay factor, l. For such a WMR that can
reach a maximum velocity of Vmax , we could set our
desired forward velocity to be:
h2desired ¼ K(F)Vmax

(33)

and the desired absolute distance to be within a predeﬁned boundary,
h1desired ¼ absolute distance \ jej

(34)

where e can be taken as a small number.
The above dynamic planner essentially regulates the
desired forward velocity that is provided to the path-following controller as a reference input based on slip–traction relationship. In other words, it indirectly limits the
slip such that the WMR can operate within the maximum allowable traction force.
4. Results and discussion
We ﬁrst present simulation results to demonstrate the
validity of the WMR model that include slip dynamics
and the efﬁcacy of the dynamic path-following controller
that utilizes slip–traction properties. We also present preliminary experimental results to show the effectiveness
of the developed simulation environment in analyzing
and translating the simulation results in experiments. For
the simulation task, we chose the WMR parameters
(refer Figure 4) as follows: b = 0.24 m; d = 0.05 m;
r = 0.095 m; mr = 16 kg; mw = 0.5 kg; Irz = 0.537 kg m2 (i.e.
assuming solid cuboid); Iwy = 0.0023 kg m2; Iwz =
0.0011 kg m2 (i.e. assuming thin solid disk). The lookahead point is at 0.5 m away from point Pc along the
x-axis of the WMR body. The gains for the linear feedback loop are designed in such a way that we can get a
critically damped output response where Kp1 = 400,
Kv1 = 100 and Kv2 = 10. The decay factor, l in Equation
(35), regulates traction performance. In this simulation,
we choose l ¼ 2:5. We apply our proposed approach to
the WMR navigation that is subjected to both lateral and
longitudinal slips. As for the desired path the WMR has
to follow, it is composed of two straight line segments
(i.e. segment AB and segment BC), connected at a right
angle to resemble a sharp corner. The idea to have such
a shape of path is to observe the effect of slip when the
WMR needs to navigate through sharp cornering, simulating a harsh yet realistic navigation scenario (e.g. in
target chasing scenario or in avoiding dynamic obstacles
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etc.). Additionally, we are interested in investigating how
the presented controller allows autonomous navigation
on different surfaces having varying traction properties.
Therefore, we conduct simulation studies to show how
the WMR performs during cornering on two different
surfaces under three different scenarios (i.e. Case I, II,
and III). For the ﬁrst two cases, we specify a ﬁxed reference velocity for the WMR and let the controller Equation (30) attempt to achieve this velocity on both
surfaces. Here, we do not let the dynamic planner Equation (32) play any role so that we can observe the navigation performance of the WMR under different
velocities without any dynamic adjustment of the reference input (i.e. the forward velocity). As we will see,
navigation performance depends on the desired velocity,
which varies for different surfaces. Then, in Case III, we
demonstrate how the navigation performance can be
improved by the introduction of the dynamic planner in
conjunction with the controller such that the WMR can
autonomously adjust its velocity to avoid excessive slipping leading to instability. The WMR autonomously
adjusts its desired forward velocity based on the algorithm in the dynamic planner as discussed under the section ‘Dynamic Velocity Planner.’ From Equation (32),
the weighted coefﬁcient is used to regulate the desired
forward velocity. For example, when the WMR is at zero
velocity, the lateral traction force is zero. This set J(F)
= 0 and K(F) = 1, and the desired forward velocity
becomes the maximum allowable forward velocity. If the
WMR is at the maximum allowable traction, J(F)
becomes inﬁnity and K(F) = 0. This signals the robot to
reduce its current forward velocity. The rate of regulation
of forward velocity can be controlled by setting the
decay factor, μ accordingly. For each of these cases, we
set the initial states in such a way that the WMR can

reach the desired forward velocity before encountering
the ﬁrst turn. The two surfaces that we use in this analysis are characterized by two different values of friction
coefﬁcients. The Surface 1 has a coefﬁcient of friction of
1.0 represents a dry asphalt surface.[25,26] The Surface
2, on the other hand, has a coefﬁcient of friction of 0.5
which represents a loose gravel surface.[25,26] Figure 5
(a) and (b) shows the traction circle properties for the
above-mentioned two surfaces. The maximum allowable
torque for each driving motor is set to 5.24 N-m and the
absolute distance e, in Equation (31) is set to be zero.
Case I: Effect of longitudinal and lateral slips on navigation performance on both Surface 1 and Surface 2 when
the desired forward velocity is 2 m/s.
The WMR navigates on both surfaces in a stable
manner, as shown in Figure 6. However, note that (refer
inset of Figure 6) the WMR deviates from the desired
path more on Surface 2 due to slip, which resulted in a
longer time to reach the desired destination at y = 5 (i.e.
it took 0.1262 s longer for Surface 2).
From Figure 7, we observe that the WMR reaches
the desired forward velocity faster on Surface 1 than on
Surface 2. This happens due to larger longitudinal wheel
slip on Surface 2 at the beginning of the navigation (segment AB in Figure 8) in order to generate enough traction to propel the WMR forwards. As expected, there is
no lateral slip on either surface on segment AB (Figure 9). However, as the WMR begins turning, the wheels
start slipping laterally (Figure 9, segment BC). Note that
a larger magnitude of lateral slip occurs on Surface 2 in
order to generate the required traction force to balance
the lateral momentum of the WMR. Similarly, a relatively larger magnitude of longitudinal slip is observed
on Surface 2 as compared to Surface 1 (Figure 8, segment BC).
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Figure 9. Lateral slip velocity on (a) Surface 1, (b) Surface 2.

We observe that slips on both surfaces reduce over
time indicating that the WMR is capable of following
the desired path at the desired forward velocity on both
surfaces. This suggests the possibility of further increasing the desired forward velocity of the WMR for the
given path, which we study in Case II.
Case II: Effect of longitudinal and lateral slips on navigation performance on both Surfaces 1 and 2 when the
desired forward velocity is 3.2 m/s.
Now in Case II, we increase the desired forward
velocity of the WMR navigation to 3.2 m/s. The objec-

Figure 10. WMR’s path-following trajectory.

tive is to investigate how slips on different surfaces
inﬂuence WMR navigation as the forward velocity is
increased. Such an investigation will provide insight on
the maximum allowable forward velocity of a WMR for
a given surface and will help develop advanced planners
that can accommodate slip characteristics during path
planning for an autonomous controller. As one would
expect, and is shown in Figure 10, the WMR slips more
at this forward velocity on both surfaces as compared to
Case I. But more importantly, the slip on Surface 2 is so
much that the WMR becomes unstable and deviates
uncontrollably from the given path. Here, the WMR
makes six attempts (as can be seen from six turning
radii) to follow the path on Surface 2 before turning
towards opposite direction. As can be seen from the
slip–traction property (Figure 5(b)), excessive slip
beyond the peak of the traction circle (which depends on
the nature of the surface) reduces that available traction
force and leads to instability. Thus, a controller with a
ﬁxed reference forward velocity and ﬁxed gains may not
be suitable in such a scenario. In order to address this
issue, we propose a new dynamic planner that can modify the reference input as discussed in Case III.
From Figure 11, when we compare to Case I, we
observe that the magnitude of the longitudinal slip is
larger and it takes longer time to reduce (segment AB).
On the second straight segment, BC, while the WMR
can navigate on Surface 1 in a stable manner, the slip
does not get reduced Surface 2. The navigation instability can also be seen on the lateral slip proﬁle, as shown
in Figure 12, as the magnitude of slip increases gradually
over time.
Case III: Effect of a planning strategy to control the
longitudinal and lateral slips on both Surface 1 and
Surface 2 by autonomous adaptation of the desired
forward velocity (max 3.2 m/s)
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Figure 13. WMR’s path-following trajectory.

Planner.’ From Equations (31) and (32), the weighted
coefﬁcient is used to regulate the desired forward velocity. For example, when the WMR is at zero velocity, the
lateral traction force is zero. This set J(F) = 0 and K(F)
= 1, and the desired forward velocity becomes the maximum allowable forward velocity. If the WMR is at the
maximum allowable traction, J(F) becomes inﬁnity and
K(F) = 0. This signals the robot to reduce its current
forward velocity. The rate of regulation of forward
velocity can be controlled by setting the decay factor, l
accordingly.
Here, we show that by dynamically changing the
desired forward velocity during cornering, the WMR can
be made to follow the path on Surface 2. Figure 13
shows that the WMR can take the sharp turn in a relatively stable manner with signiﬁcant overshoot.
Figure 14 shows a comparison of the desired forward
velocity proﬁles before after the dynamic planner is
3.5

8

B

time (s)

C

3

Figure 12. Lateral slip velocity on (a) Surface 1 and (b)
Surface 2.

In this case, we show that by using the path-following controller with a dynamic planner developed in this
paper, we can adaptively change the desired forward
velocity based on the available traction force (which is a
function of slip) and, thus, can stabilize the WMR during
path-following navigation at high-speed. In particular, we
have seen in Case II that the WMR becomes unstable on
Surface 2 when the desired forward velocity is set at
3.2 m/s. The WMR autonomously adjusts its desired
forward velocity based on the algorithm in the dynamic
planner as discussed under the section ‘Dynamic
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Downloaded by [VUL Vanderbilt University] at 12:24 25 June 2013

C

surface1
surface2

10
wheel1
wheel2

y-position (m)

Longi'd. slip (m/s)

0.4

2.5

3.35
3.3

2

3.25
3.2

1.5

3.15
3.1

1

3.05
3

0.5

0

3.5 4

4.5 5

5.5 6

6.5 7

A
0

7.5

without dynamic planner
with dynamic planner

1

2

3

4

time(s)

Figure 14. Forward velocity proﬁle.

5

6

7

8

Advanced Robotics

(a)
Longi'd. slip (m/s)

0.4
wheel1
wheel2

0.2

A

0

B

C

-0.2
-0.4

0

1

2

3

4

5

6

7

time (s)

(b)
A

0

C

B

-20
-40

wheel1
wheel2
0

1

2

3

4

5

6

7

time (s)

control and planning techniques allow for autonomous
adjustment of cornering velocity based on traction
properties of different surfaces such that the WMR can
take turns without being unstable. Note that in these
simulations, we assume that we can identify the surfaces
and know their traction properties, and can measure slips.
In real applications, in order to model slip and traction
force in the dynamics, we need to measure the slip and
identify the surface characteristics. Slip measurement and
surface identiﬁcation are separate research topics and are
beyond the scope of this paper. In this paper, we assume
that such information are available to us based on the
works of other research groups that focus on slip measurement and surface identiﬁcation. For the interested
readers, some papers that discussed the surface identiﬁcation using different techniques are [23,27–29]. Different
ways of measuring wheel slip have been reported in
[22,30–33]. In addition, [24,32,34] provided an excellent
review of current trends in modeling the traction forces.

Figure 15. Longitudinal slip velocity on (a) Surface 1 and (b)
Surface 2.

applied. It is clear that by using the dynamic path-following controller, the desired forward velocity is reduced
in such a manner to make the navigation stable on Surface 2. In Figure 15, we also see that the longitudinal
slip for wheel 1 on Surface 2 is getting stable as its magnitude is getting smaller over time on segment BC. The
same feature that is the magnitude of lateral slip getting
smaller is also reﬂected on lateral slip proﬁle, as shown
in Figure 16.
The above simulation results indicate that the
presented modeling technique is able to capture slip
phenomenon during WMR navigation. Furthermore, the
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Figure 16. Lateral slip velocity on (a) Surface 1 and (b)
Surface 2.

5. Conclusion
In this paper, we investigate how a WMR can navigate in
the presence of slip. We model the WMR in such a way
that the wheel and ground contact point allows slip. In
order to include the slip dynamics into the WMR dynamics, we augment the generalized coordinates of the WMR
by including the slip coordinates and develop an integrated dynamic model that can simulate WMR motion in
the presence of slip. The presented dynamic model is a
new contribution in the literature. Subsequently, we
design a path-following controller and a dynamic planner
for the WMR that can improve the performance of navigation and to avoid instability in the presence of slip. In
particular, this control technique allows the WMR to
exploit slip to improve maneuverability. Instead of suppressing slip or avoiding it by sacriﬁcing the WMR velocity signiﬁcantly during cornering, the presented approach
exploits slip–traction properties to generate as much
velocity as possible without causing instability of the
WMR. As a result, such an approach has the potential to
enhance WMR navigation performance in real-world situation when the tasks demand sudden changes in motion at
high speeds. It will help the WMR to autonomously
adjust its speed appropriately based on the environmental
conditions and, thus, will help achieve smarter navigation
capabilities in the future. We demonstrate by a series of
simulation studies to illustrate the performance of the proposed modeling and control technique for the case where
slip exists. The more realistic nature of the simulation
with the inclusion of slip phenomenon should increase the
efﬁcacy of the controller developed for the WMR applications. We plan to implement the dynamic planner and the
path-following controller into a Pioneer P3DX robot in
order to validate the techniques in the near future.
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