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Abstract—Shape control of a deformable object by a robotic
system is a challenging problem because of the difficulty of
imposing shape change by a finite number actuation points to
an essentially infinite dimensional object. In this paper, a new
approach to shape changing of deformable objects by a system
of manipulators is presented. First, an integrated dynamic
equation of motion for a system of multiple manipulators
handling a deformable object is developed. The initial and the
final shapes of the deformable object are specified by curves
that represent the boundary of the object. We design an
optimization-based planner that minimizes an energy-like
criterion to determine the locations of the contact points on
the desired curve representing the final shape of the object.
The motion of each manipulator is controlled independently
without any communication between them. The simulation
results demonstrate the efficacy of the proposed method.
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I. INTRODUCTION

EFORMABLE objects are used in many economically
important industries such as food, automobiles,
aerospace, leather and packaging. Most of the tasks
involving handling of deformable objects are done manually
which make them labor intensive and time consuming
requiring fast and accurate manipulation of material by
skilled human operators. Automatic handling of rigid
objects is readily available and can be reprogrammed to
perform different tasks when needed. Application of such
multiple robot systems for handling deformable objects will
reduce the time associated with manual handling and
increase productivity by lowering the cost and increasing
the precision. However, this a difficult and challenging task
primarily due to low stiffness of the deformable objects that
makes them easily susceptible to large deformations. As a
result, deformable objects may exhibit deformation by
changing in shape and volume under the applied forces
during handling. Besides, there are large variations of
stiffness and damping properties of different deformable
objects which are further influenced by environmental
conditions. The aforesaid properties and behavior of
deformable objects pose many problems when interacting
with robots to automate their handling.
Deformable objects are used extensively in a wide range
of industrial applications including the manufacturing and
assembly of garment and footwear products, the packing
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industry and aircraft manufacturing. Manipulation of
deformable parts such as inserting an elastic bar into a hole
of rigid body and vice versa for precise assembly is a major
industrial problem. It can be seen from a survey [1] that
although it was identified as a high priority area, very less
work has been done on the automated handling of
deformable objects. The reason is the complexity of
modeling and control of larger deformations of deformable
objects in real time. This research addresses the issue
related to shape control of a deformable object by
controlling its boundary such that an initial shape is
transformed to the desired one. Shape change task can be
found in forming operations of bread dough, pizza dough in
food industry and in formation of clay products of desired
shapes in pottery work where a large deformation of the
object is required. For instance, the forming process of clay
product requires stretching and shrinking operations by
multiple fingers. Molding can be used in automatic shape
control of deformable objects for batch production.
However, there are operations where molding can not be
applied and hence developing an automated process to
control the shape of the deformable objects could be
beneficial.
In this paper, we focus on the problem of effecting shape
change on a deformable object given the initial actuation
points. That is, we design a controller for deforming the
object from an initial shape to a final one if we know how
many actuation points are available and where they are
located. Also note that the nature and capabilities of the
end-effectors of the manipulators are important for effecting
shape change. For example, the nature of shape control will
be different if the end-effectors can only apply push or pull
or both to deform the object. We then develop the coupled
dynamics of the multiple manipulators along with the
deformable object. We develop a control law for shape
changing based on the inverse dynamics method. We design
a planner based on an optimization technique to compute
the desired final contact locations.
The remainder of this paper is organized as follows: in
Section II, we discuss the existing literature on deformable
object modeling and shape control. A mathematical
description of the problem is given in Section III. Section
IV outlines the procedure to derive the mathematical model
of the deformable object. We also develop the integrated
dynamics involving the object dynamics and the
manipulator dynamics in this section. The control method is
discussed in Section V. The effectiveness of the derived
control law is demonstrated by simulation in Section VI.
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Finally, the conclusions and the future work are discussed
in Section VII.
II. EXISTING LITERATURE ON DEFORMABLE OBJECT
MODELING AND SHAPE CONTROL
A considerable amount of work has been performed on
multiple robotic systems during the last few decades [2-8].
Mostly, the position and/or force control of multiple
manipulators handling a rigid object were studied in [2-4].
However, there were some works on handling deformable
object by multiple manipulators presented in [5-8]. Sun et
al. [5] presented a cooperation task of controlling the
reference motion and the deformation when handling a
deformable object by two manipulators. In [6] the control of
position/orientation and the vibration suppression of each
contact points of a flexible object by two manipulators were
presented. Zheng et al. [7] studied the assembly operation
of inserting a flexible beam into a rigid hole. Hirai et al. [8]
developed a robust control law for manipulation of 2D
deformable parts using tactile and vision feedback to control
the motion of the deformable object with respect to the
position of selected reference points. However, to the best of
our knowledge there is no such work on controlling the
overall shape of a deformable object by multiple
manipulators.
A wide variety of modeling approaches have been
presented in the literature dealing with computer simulation
of deformable objects [9]. These are mainly derived from
physically-based models to produce physically valid
behaviors. Mass spring models are one of the most common
forms of deformable objects. A general mass-spring model
consists of a set of point masses connected to its neighbors
by massless springs. Mass-spring models have been used
extensively in facial animation [10], cloth motion [11] and
surgical simulation [12]. Tokumoto et al. [13] proposed a
modeling method of viscoelastic objects for deformation
control. Many researchers have used finite element methods
to model the deformable objects. Finite element models
have been used in the computer simulation to model facial
tissue and predict surgical outcomes [14, 15]. An important
issue of modeling deformable objects such as food (e.g.,
dough) and tissue (e.g., organs) is that they have both
elasticity and viscosity properties. These objects are called
rheological objects. A comprehensive study on rheological
objects based on three main deformation properties such as
residual deformation, bouncing displacement and vibration
decrease was performed by Tokumoto et al. [16]. It is
concluded that a three element model i.e., a spring and a
damper in parallel (Voigt model) with another damping
element in series gives an appropriate choice of deformable
object modeling, which we choose in this work.
Considerable effort has been put into the design of robust
and optimal control methods for shape control of 2-D

flexible structure. Various approaches for shape control
algorithm were presented in [17-19]. A robust shape control
of a flexible structure against parameter variation was
presented in [17]. Kashiwase et al. [18] proposed a simple
zero P-ID controller by using many sensors and actuators.
Dang et al. [19] developed a shape control algorithm of a
flexible structure that was used for shape morphing. These
works are important and have many useful applications
such as morphing of aircraft wings. In all of these cases,
microactuators are used for shape morphing of flexible
structures that are embedded or bonded on the surface. Thus
these works focus on small deformation (i.e., micro
actuation) and are not geared towards producing macrolevel shape change of the object. In our intended
application, for example changing the shape of a dough, we
will need large deformation. Also note that, in our
framework, it is possible to apply pulling, pushing,
stretching etc. at the boundary contact points to create the
intended shape.
III. PROBLEM STATEMENT
Consider a planar deformable object that moves and
changes in time defining a new shape when subjected to
applied forces. We define that the object is a compact and
closed set in  2 . The boundary of such a set is represented
by a closed two dimensional curve. This closed curve is
described parametrically as
(1)
c( )  [ x( ), y( )]
where  is the normalized curve parameter, 0    1 . The
motion of a deformable object can be described by
translation, rotation and deformation. Translation and
rotation can be described by the translation of the center of
mass of the object and a rotation about an axis passing
through the center of mass, while the deformation can be
analyzed by the dynamics of shape change.
Thus, the shape error can be defined as


D  || c( k )  cˆ ( k ) ||

(2)

k 1

where, c( ) is the actual shape and cˆ ( ) is the desired
shape. In this paper, we investigate the shape change
problem in the following form:
Problem: Given a desired shape cˆ ( ) and a current shape
c( ) of the planar object, find a control action on c( ) ,

such that the shape error D(c( ), cˆ ( )) defined according to
some norm is minimum.
However, since the boundary of the object, i.e., the
current shape will be actuated by a finite number of
actuation points, say n , the above problem is restated as
follows:
Define all end effectors positions that are also the contact
points on the deformable objects p(q)  2n as
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 p1 (q) 


p(q)    
p n (q)

(3)

where, q is the joint variable of the manipulators. Define
also the location of these contact points on the desired curve
p d (σ)  2 n as
(4)

 cˆ ( 1 ) 
p d (σ )    
cˆ ( n )

where,  i  
i  1,, n is a curve parameter
corresponding to the position of the i-th manipulator. Then
define the shape error at the actuation points, e(q, σ)  2n ,
as
(5)
e(q, σ)  p(q)  p d (σ)
The overall shape error of the object is defined as the
summation of the shape error at each actuation point
expressed as
n
(6)
d  || e (q , ) ||


i 1

i

i

i

Note that the above definition of the shape error assumes
the discrepancy in each contact point location between the
initial shape and the final desired shape. It is a discrete
representation of the shape error. Thus a controller that
reduces this error to zero does not guarantee that all points
on the curve will exactly match the desired curve. However,
it will be shown in Section VI that such discrete definition,
which is motivated by practicality (e.g., a limited number of
actuation points), produce acceptable shape change results.
It will also be shown that as the number of contact points
increases, the convergence to the desired shape improves.
Thus the problem becomes: Given a desired shape and a
current shape of the planar object, and also given the
number of actuation points, find a control action such that
e(q, σ)  0 .

A. Deformable Object Dynamics
We model the deformable body as a rheological object
using discrete networks of mass-spring-damper system. The
point masses are located at the nodal points and a three
element model is inserted between them. Fig. 2 shows a
single layer of the deformable body. Each element is labeled
as E j for j  1,2,, NE , where NE is total number of
elements in a single layer. Let mi be the mass point at the ith node of the system. The dynamic equation representing
each point mass can be written in the standard form as,
(7)
Moizi  Coiz  G oi  Fi  Fiint
for i  1,2,, N where N is the total number mass point in
a layer. z i  2 is the position vector at the i-th mass point
represented as z i  [ xi , yi ]T , Moi  22 is the symmetric
positive definite mass matrix, Coi  22 is the coriolis
matrix, G oi  2 is denoted the terms containing stiffness,
spring lengths etc. and Fi  2 is the external force vector
given by Fi  [ Fix , Fiy ]T . In this paper, Fi represents the
contact force exerted by the manipulators. Fiint  2 is the
internal reaction force vector generated due to the
interaction among the mass points in the network.

Fig. 2: Model of a rheological object with interconnected mass-springdamper. k1 is the spring stiffness, c1 and c2 are the damping coefficient of
non-residual and residual deformation part, respectively.

IV. MODELING OF SYSTEM DYNAMICS
Consider a schematic in Fig. 1 where n manipulators are
performing a cooperative task on a deformable object
changing shapes from c( ) to cˆ ( ) . We assume that all the
manipulator grippers are firmly attached to the deformable
body. Knowing the positions of the manipulator tips at the
moment when the contact with the manipulated object is
made, we derive the mathematical model of the whole
system such that all the manipulators move in a coordinated
manner to induce the desired motion.

Fig. 1: Schematic of manipulators handling a deformable object.

B. Manipulator Dynamics
Consider n planar manipulators with 2 DOF are handling
a deformable object. The Lagrange equation of motion of
the i-th manipulator in the Cartesian space is given by
i  C(qi , q i )p i  G(qi )  ui  Fi
(8)
Mi (qi )p
2
2
where q i   is the joint variables, p i   is the position
vector of the i-th end-effector, Mi (qi )  22 denotes the
symmetric positive definite inertia matrix, Ci (q i , q i )  22
accounts for the coriolis effects, G i (q i )   2 represents the
elastic effects due to spring, bending stiffness and gravity.
u i   2 is the control input and Fi   2 is the contact force
that the end-effectors exerts on the object.
C. Coupled Dynamics
In order to integrate the dynamics of the multiple
manipulators with the dynamics of the deformable object,
we first rewrite the dynamics of the deformable objects in
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terms of two classes of mass points, one set represents the
n number of mass points that are in contact with the
manipulators and the rest of the mass points (i.e., N  n )
that constitute the object model. The dynamics of the first
set of mass points are written by replacing z by p as
(9)
 i  Coip i  G oi  Fi  Fiint , i  1,2,3,..., n
M oip

Substituting the control law (15) and (16), into the
integrated system (12), we obtain the following error
system.
(17)
e  K d e  K pe  0

And the second set of dynamics equations are written as
,
(10)
j  n  1,..., N
M ojz j  Coj z j  G oj  F int
j

schematic of the proposed controller is depicted in Fig. 3.

which shows that e and e converge to zero exponentially
when K p , and K d are symmetric and positive definite. The

By eliminating Fi from the manipulator dynamics (8) and
the object dynamics of the first set (9), the coupled
dynamics between the manipulators and the contact mass
points are obtained as follows:
(11)
 i  Ci p i  G i  u i
Mip
where, M i  M i  M oi , Ci  Ci  Coi , and G i  G i  G oi  Fiint
The coupled dynamics can be rewritten more concisely for
all contact mass points as follows:
  Cp  G  u
(12)
Mp
p  (p1T pTn )T

where,

,

M  blockdiag(M1 Mn ) ,

C  blockdiag(C1 Cn ) , G  (G G )

, and u  (u1T u Tn )T .
Eq. (12) can be used to design the control law for the
manipulators and Eq. (10) can be integrated to find the
position of the internal mass points and the boundary mass
points those are not interacted by the manipulators. The
motions of these mass points are affected by the reaction
forces generated due to the interaction.
T
1

T T
n

V. DESIGN OF SHAPE CONTROLLER
We develop an optimization technique that generates the
motion plans of each individual manipulator, i.e., p d ( i ) ,
i  1,2,, n , such that the initial shape is transformed to the
desired one by minimizing a given energy-like criterion of
the whole body. The energy-like function is given by:
n
(13)
Π  ε (σ)T W ε (σ)


i 1

i

i i

i  1,2,..., n , Wi  22 are
diagonal weight matrices. The optimal values of the curve
parameters will be the solution of:
(14)
min Π
where

ε i (σ)  p i (q)  p d (σ) ,

 i σ

The planner generates the desired reference locations for
the chosen contact points. All manipulators in the system
are controlled to execute the desired motion at the contact
points using the following control law
(15)
u  Mv  Cp  G
1

(16)
d  J Mq  K pe  K d e
v  J M p
where

J M   2 n2 n
2n 2n

Fig. 3: Schematic of the proposed controller.

is the Jacobian of the manipulator,

Kp,

and K d  
are symmetric and positive definite
matrices, and p
 d  2 n is desired acceleration which is zero
in our present case as we assume that the final contact
locations for each manipulators are constant in the time of
interest.

VI. SIMULATION AND DISCUSSION
In this section, a shape control task by multiple
manipulators is presented using the developed control law.
We choose a circular deformable object of diameter 0.08 m
as an initial shape in 2D. The goal is to deform it to obtain
two different shapes: i) an ellipse, and ii) a square. The
desired shapes can be represented as:
i) For the ellipse, cˆ ( )  [a cos(2 ), b sin(2 )] , where

a  0.05 m, b  0.032 m , and  [0 1] .
ii) For the square, the vertices are (a,0), (0,a), (-a,0), (0,a), where, a  0.05 m. In this work, we represent the
square using a B-spline to get a continuous representation
of the boundary.
We discretize the circle with 145 elements of massspring-damper. We assume that the total mass remains
constant during the whole deformation process. Referring to
[16] for a rheological object model of wheat dough we take
m=0.006 kg, k1=460 N/m, c1=2452 Ns/m , and c2=4904
Ns/m. In this simulation, we use Kp=kpI, and Kd=kdI,
where kp=500, kd=50 and I   22 unity matrix. We present
four different simulations based on the number of actuation
points placed on the periphery of the object. In particular,
we choose 12, 18, 24, and 36 actuation points placed
equidistantly in all cases as our initial contact locations.
The desired final locations for these contact points are
determined by the optimization-based planner (eq. (14)),
which are then given to the controller (eq. (15)) as the
reference final locations to be achieved.
The initial, the desired and the final shapes of the
deformable object when controlling shape from the circle to
the ellipse and from the circle to the square are shown in
Figs. 4 and 5. In these figures we are showing only the
boundary points to represent the shapes. These figures show
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the feasibility of obtaining the desired shapes by using the
presented control law. As expected, the performance
increases with increasing the number of contact points. The
time responses of the root mean square (RMS) of the shape
error at the actuation points, e , are depicted in Figs. 6 and
7. The figures show their convergence to zero. The forces
exerted on the object to change the shape from the circle to
the ellipse and from the circle to the square are shown in
Figs. 8 and 9 for case IV of two different contact locations.
It can be seen that the forces are high initially and decrease
with time as the shapes converge to the desired one. Forces
of all other contact points also reduce with time when the
shape converges to the desired one. Force values reach to
zeros when final shapes are achieved.

[2]

VII. CONCLUSIONS AND FUTURE WORK

[9]

We develop a new framework to achieve shape control of
deformable objects by robotic manipulators. The
methodology presented here describes the modeling
techniques of deformable rheological objects subjected to
continuous deformation. To control the shape of the
deformable object, a simulation based on a desired planar
curve is presented and the boundary is regulated subject to
continuous deformation. An optimization-based motion
planning scheme for the object is introduced to determine
the desired curve parameter. The planner generates the
desired inputs to the system according to the computed
desired curve parameter. The motion of each manipulator is
controlled independently without communication among
them.
Future work includes testing the controller with more
complex shapes of the deformable object and verifying the
methodology by experiments. The feasibility of
implementing a large number of actuators in real time could
be a difficult task. Motivated by the work presented in [20]
and the reference therein we are investigating how many
actuation points and their locations are required to
efficiently effect the desired shape change operation.
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(I)
(II)
(IV)
(III)
Fig. 4: Initial (blue dashed), desired (black dotted) and final (red solid) shapes for four different cases based on number of actuation points when
controlling shape from the circle to the ellipse: (I) 12, (II) 18, (III) 24, and (IV) 36.
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(I)

(II)

(I)

(II)

(III)

(IV)
Fig. 5: Initial (blue dashed), desired (black dotted) and final (red solid) shapes for four different cases based on number of actuation points when
controlling shape from the circle to the square: (I) 12, (II) 18, (III) 24, and (IV) 36.

(III)

(IV)

Fig. 6: RMS of shape error, e, for four different cases based on number of actuation points when controlling shape from the circle to the ellipse: (I) 12, (II)
18, (III) 24, and (IV) 36.

(IV)
(I)
(III)
(II)
Fig. 7: RMS of shape error, e, for four different cases based on number of actuation points when controlling shape from the circle to the square: (I) 12,
(II) 18, (III) 24, and (IV) 36.

(a)

(a)

(b)

Fig. 8: Contact forces when controlling shape from the circle to the
ellipse for case IV at two contact locations: (a) 0 and (b) 90 degrees
with respect to x-axis, respectively.

(b)

Fig. 9: Contact forces when controlling shape from the circle to the
square for case IV at two contact locations: (a) 0 and (b) 90 degrees
with respect to x-axis, respectively.
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