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Abstract

By means of the Udwadia-Kalaba approach we propose an explicit equation of
constrained motion developed to simulate constrained dynamical systems without
error accumulation due to constraint drift. The basic idea is to embed a small virtual
force and a small virtual impulse to the equation of motion, in order to avoid the
drift typically experienced in constrained multibody simulations. The embedded
correction terms are selected to minimally alter the dynamics in an acceleration
and kinetic energy norm sense. The formulation allows one to use a standard ODE
solver, avoiding the need for iterative constraint stabilization. The equation is based
on the pseudoinverse of a constraint matrix such that it can be used under redundant
constraints and kinematic singularities. The proposed method takes into account
the finite word-length of the computational environment, and also accommodates
possibly inconsistent initial conditions.

Key words: Constrained dynamics, pseudoinverse, numerical integration.

1 Introduction

Constrained dynamical systems are traditionally modeled with a Lagrangian
equation of the first kind [1] where additional algebraic variables (Lagrangian
multipliers) are used to incorporate the motion constraints to the equation. In
addition to this classical approach, many alternative formulations have been
proposed in order to model constrained dynamical systems, including: Gauss’s
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principle of least constraint [2], Maggi’s equation [3], Gibbs-Appell’s formula-
tion [4], [5], Kane’s equation [6], and the Udwadia-Kalaba approach [7], [8],
9], supported with additional discussions and development presented by Pars
[10], Neimark and Fufaev [11], Gantmacher [12], Goldstein [13], Chetaev [14]
and Lurie [15].

Despite the strong theoretical foundation, direct numerical implementation of
the proposed governing equations generally leads to error accumulation due
to "constraint drift”. Specifically, motion constraint which should be physi-
cally invariant will move in space due to error and imperfection in numerical
integration. The resulting solution is not physically consistent and as such
loses value with respect to practical interpretation. This issue has been ad-
dressed by many authors including: Baumgarte [16], Gear et.al [17], Lotstedt
and Petzold [18], Fithrer and Leimkuhler [19], Petzold [20], ten Dam [21], Eich
[22], Bayo and Ledesman [23], Blajer [24] and Aghili [25]. The importance of
having a reliable simulation tool which produces physically consistent motion
prediction is motivated by many practical applications as was discussed by
Schiehlen [26] and Brogliato et.al [27].

Our aim is to propose a formulation which enables stable numerical simulation
without error accumulation in motion constraints. In order to do so, it was
necessary to take the nonideal computational environment as well as the possi-
ble errors in initial data (caused by the user) into account. Following a revised
constraint definition, we derive an explicit equation for constrained motion
with constraint correction terms. Although these additional terms have no di-
rect physical meaning, they can be interpreted as a set of small virtual forces
and impulses and are derived by means of Gauss’s principle of least constraint.
After presentation of the proposed formulation, the approach is discussed in
the context of prior work in the field. Finally, the approach is illustrated on
and validated with several representative examples.

2 Constrained Multibody Dynamics

In this section, the equation of motion for a constrained dynamical system is
derived. The approach is based on the explicit equation of constrained motion
presented by Udwadia and Kalaba [7].

2.1 Unconstrained Multibody Dynamics

Consider an n-degree-of-freedom multibody system, the configuration of which
is uniquely specified by q € R" generalized coordinates. Let the equation of
motion of the considered system (derived by means of the Lagrangian formal-



ism) be represented in the following form

M(tvq)d = Q(t,q, q) (1)

Here, t € [0,7T] is a time variable, M € R"*" is a symmetric and positive
definite mass matrix while Q € R" represents the generalized forces. If no
constraints are applied on (1), the dynamical system is considered as uncon-
strained with respect to the chosen generalized coordinates q.

2.2  Holonomic Constraints: Revised

Let us introduce additional m holonomic bilateral constraints on the system
dynamics,

®(t,q) =0, (2)

where ® : [0,7] x R* — R™. In the forthcoming analysis, we will assume
that these rheonomic (explicitly time dependent) constraints are C?[0, T, such
that, (2) has well defined first and second partial derivatives at least.

Let us discuss the effect of (2) on the dynamical system (1). Generally speak-
ing, each bilateral constraint adds a constraint reaction force to the system
dynamics. If the constraint is ideal, it generates an ”ideal reaction” which does
no work on any constraint consistent virtual displacement. We assume that
all constraints are ideal and as such D’Alambert’s principle applies [28].
Considering the constraint equations (2), one can see that ® = 0 defines
position-level relations between the generalized coordinates. However, in or-
der to avoid error accumulations along the numerical solution, the holonomic
(position) constraints must also be satisfied on the velocity level & =0 In
this light, by adding the aforementioned velocity level constraint to (2), one
obtains

®(t,q) =0,d(t,q,¢) = 0. (3)

If the dynamical system is restricted by (2), it is important to make sure
that not only (2) but also (3) is satisfied. As follows, we will replace (3) with
velocity and acceleration level constraints which are linear with respect to q
and ¢, respectively. To do so, let us assume that q = q(t) defines the positions
of the constrained dynamical system. Using these functions, one can come up
with ®(t) = ®(¢,q(t)), and the following Taylor expansion holds

®(t + dt) = ®(t) + (Aq — b,)dt + O(dt?), (4)



where, A(t,q) = 0®/0q and by(t,q) = —0®/0t. Similarly, one can define
®(t) = P(t,q(t),q(t)) and expand the velocity level (nonholonomic) con-
straints up to the acceleration level as,

®(t 4 dt) = ®(t) + (A4 — b,)dt + O(dt?), (5)

where b, (t,q,q) = —q* [0*°®/0q*|q — 2[0*® /Otdq|q — O?* P /Ot>.
If dt is interpreted as a (numerical) integration step, then the first order ap-
proximation of (3), (as well as (4) and (5)) can be satisfied at each subsequent

integration step, ®(t + dt) = 0, ®(t + dt) = 0, with velocity and acceleration
level constraints defined as follows

Aq=b, — d/dt,

. : (6)
A§=b, — &/dt.

Instead of (6), the analytical derivation of the explicit equation of constrained
motion proposed by [17] and [7], [8], [9] is based on a velocity or acceleration
level representation of the original constraints

Aq=b, A§=b,. (7)

However, the equation of constrained motion which is based on (7) does not
have a numerically stable ODE implementation without additional constraint
correction. Namely, in order to substitute (6) with (7), the following conditions
must be met:

e The user must provide initial conditions which are constraint consistent,

®(0,4(0)) = 0, &(0, q(0),4(0)) = 0.
e The solution q(t), () must not contain any integration error.

Due to numerical errors, such conditions are not realistic in a numerical (i.e.,
computer) simulation environment. Rather, in practice, use of (7) typically
leads to significant error accumulation and constraint drift. This motivated
us to derive an implementation of (6) which takes the expected numerical
imperfections into account. We will show that adequate implementation of
(6) prevents error accumulation and results in a numerical solution without
constraint drift.

2.8  Constrained Multibody Dynamics

In order to incorporate position-level constraints to the dynamic equations, we
recall the Lagrange multiplier approach. However, in contrast to the method



traditionally used in mechanics, where the multipliers represent constraint
reaction forces, our intention is to use the same idea to eliminate constraint
violations.

Let us start with the traditional representation of the constrained dynamical
system,

Mq=Q+Q., (8)

where Q. = AT\ is the generalized constraint force, while the undetermined
Lagrange multipliers, A € R™, represent the physical forces generated by con-
straints. This representation is valid for ideal constraints which do no work,
QIdq = 0, along any admissible virtual displacement dq € {dq : dq €
R  Adq = 0}. To formulate the equation of motion in explicit form, let
us solve the constrained acceleration from (8) as a function of A,

g=a+M1AT) (9)

where a = M~!Q is the unconstrained acceleration the system would have
without the imposed constraints, see (1). Now, substituting (9) back to the
practical acceleration level constraints (6)2, one can solve for the Lagrangian
multipliers by direct inversion

A= (AMAT) (b, — Aa— &/dt). (10)

Although, the physical constraint reactions A are not well defined if the con-
straint matrix A is rank deficient (due to kinematic singularities or constraint
redundancy), the constrained acceleration as well as the generalized constraint
force Q. = AT\ are always unique, [29], [30], [8]. Thus, we can determine Q.
to accommodate kinematic singularities and constraint redundancy by first
defining the following matrices: M2, M~/2. B = AM~Y/2 and B*, where
due to the positive definiteness of M, the so called principal square root of
the mass matrix M2 and its inverse M~/? are always well defined, as is the
(Moore-Penrose inverse) pseudoinverse Bt of B, [31]. Using the introduced
notation, the generalized constraint force becomes

Q.= M'?B* (b, — Aa — &/dt). (11)
Substituting (11) into (8), the explicit equation of the constrained dynam-

ics can be easily obtained. In order to further proceed, one can define the
constrained acceleration, ¢ = v and rewrite the equation of motion in the



following first order form

q=v,

: (12)
v=a+M12B*(b, — Aa— ®/dt).

Although this formulation accounts for numerical errors on the velocity level,
& ~ 0, it cannot in general prevent error accumulation. This is because (12)
does not yet take the numerically induced position level error given by ® ~ 0
into account. With the aim of incorporating this error source, we mimic the
above procedure, adding a new Lagrangian multiplier to (12),

g=v+M'ATp. (13)

In contrast to A, the new multiplier p is not generated by the constraints but
rather is introduced to compensate for numerical errors along the integration.
A similar term, ATy was used by [17] to incorporate velocity level constraints
in the equation of motion. Note that neither AT nor M~'ATp has clear
physical meaning. However while the former can only be considered as a kine-
matic correction term, the latter (introduced here) is a dynamic correction
which allows us to interpret p as a small mechanical impulse.

Substituting (13) into (6);, one obtains

p=(AM AT (b, — Av — ®/dt). (14)

Once again, using the pseudoinverse notation, the compensation term becomes

M ATy = M~V2B* (b, — Av — ®/dt). (15)

Substituting (15) into (13), and combining with (12), the complete equation
of motion for the constrained dynamical system is obtained

qg=v+M2BF(b, — Av — ®/dt),

. (16)
v=a+M12Bf(b, - Aa— ®/dt),

where a = M~'Q is the unconstrained acceleration, v is the constrained ac-
celeration, and q is the constrained velocity.

It can be easily recognized that if & = 0 and =0 (which also implies
Av = b,) then (16) reduces to the well known explicit equation of motion
derived by Udwadia and Kalaba (which assumes an ideal computational en-
vironment and perfect initial conditions). Taking the error sources in the real
computational environment into account, we do not assume exact constraint



satisfaction which, following strict mathematical derivations, produces addi-
tional error compensation terms in the equation. The new terms compensate
for the numerical errors and guarantee that no error accumulation can take
place.

2.4 Discussion of the Proposed Formulation

In order to discuss (16), let us recall the explicit equation of motion which
does not contain the constraint correction terms,

q=v,

4 (17)
vi=a+ M"Y2B*(b, — Aa),

where v = a+ R™!C/} (b, — A,a) is the acceleration which exactly satisfies
A,v' =b,, while v is the velocity obtained by numerical integration of v* (in
an ideal computational environment one would obtain, v = v*).

Comparing (16), with (17),, one may conclude that M~"/?B*® /dt represents
a small correction of the constraint force (Lagrangian multiplier X, see (10))
which is necessary to satisfy the constraints under numerically imperfect con-
ditions. In order to have a clearer interpretation, let us reformulate (16)s by
means of the Gauss principle of least constraint,

v=min{x € R": (x — v\)TM(x — V%),

. (18)
Ax =b, — &/at}.

Based on this interpretation, the v provided by (16), is the closest acceleration
to v' (in an acceleration energy sense) which satisfies the constraints (6),.
Similarly, comparing the first equations in (16) and (17), one might recog-
nize that M~Y2B*(b, — Av — ®/dt), although not generated by physical
constraints, is necessary to prevent error accumulation. In order to give a
physical interpretation of this term, let us define an equivalent formulation of
(16); with the following constrained quadratic program

g=min{x e R": (x — v)TM(x — v),
Ax =b, — ®/dt}.

(19)

Here, ¢ is the closest velocity to v (in a kinetic energy sense) which satis-
fies the constraints (6);. Note that v, obtained by time integration of the
constrained acceleration, may not satisfy exactly the kinematic constraints



A, v # b, (which condition is taken into account along the derivation). In a
special case when v = v', (A,v = b,), the correction term would reduce to
~M~2B*®/dt.

One can conclude now that the derivation of the acceleration level correction
terms are closely related to the general principle of constrained motion for-
mulated by Gauss [2], while the velocity level correction terms are obtained
using kinetic energy minimization, and as such are also physically motivated.

3 Numerical Implementation

In order to simulate a constrained dynamical system, a robust and stable nu-
merical solver for the index-3 differential algebraic equation (DAE) (1), (2),
is required [32]. However, in contrast to widely available ordinary differential
equation (ODE) solvers, a DAE solver which reliably prevents error accu-
mulation and constraint drift is not trivial to implement. By means of DAE
integration, DASSL [33] (and its extended version DASSLRT) offers a state-
of-the-art implementation of the index-2 DAE formulation proposed by [17].
In general, different DAE integrators have been developed as research codes,
overviews of which can be found in [34], [35], [36].

Our intention is to show that one can use traditional ODE integrators to solve
the reformulated constrained dynamic equation (16), without having problems
of error accumulation and constraint drift. In the remainder of this section,
we discuss how to obtain such a numerical solution.

When the analytical model is derived, the system is characterized with the
following quantities; M, h, Q, A, by, b,, ® and &. Without any further
preparation, (16) is ready to be solved in a standard ODE solver which uti-
lizes a first order state-space formulation, providing we can incorporate the
correction terms, ® /dt and & /dt where, as it was mentioned, dt is interpreted
as a time step of the numerical integrator. The simplest way to incorporate
the correction terms is to use a fixed step solver where dt is predefined. If
however, one wants to exploit the benefits of a variable step solver, the actual
time step should be used over the integration procedure.

The computational expense of the numerical implementation of (16) is domi-
nated by the calculations of the principal square root of the mass matrix M'/2
and the pseudoinverse B*. Practically, these computations entail an eigenvalue
computation of M and a singular value decomposition for B, see [37]. How-
ever, in order to incorporate the constraint forces, one can use M~/2B* =
R!CT where R is the upper triangular Cholesky factor of the inertia ma-
trix M = RTR while C = AR™!. This replacement allows one to avoid the
particularly expensive eigenvalue computation which would be required in or-
der to compute M2, It is also important to mention that the pseudoinverse
notation utilized in (16) allows a compact and general representation of the



equation of motion regardless of whether the constraints are independent or
dependent. From a computational point of view, however, only dependent con-
straints require singular value decomposition to define B (or C*) while for
independent constraints one can either 1) compute the velocities and acceler-
ations together with the Lagrangian multipliers from (9), (10), (13) and (14),
or 2) utilize the following explicit definition, M~1/2B* = R~1CT(CCT)~! to
evaluate the right hand side of (16) directly.

Note, that the correction terms are obtained based on the Taylor expansion
of the constraints, see (4), (5), which provides a good approximation as long
as a small integration step dt is used. With this in mind, one cannot expect
arbitrarily precise constraint satisfaction (i.e., due to the finite time step and
numerical imprecision). Let us recognize that the correction terms in (16) use
the same matrix M~'/?2B*, which must in any case be computed in order to
incorporate the constraint forces. In this light, beyond multiplication and ad-
dition, the correction terms do not require any additional computation.

In the following, a simple numerical implementation of (16) will be given with
some practical comments.

3.1 Numerical Procedure

Using a small time step dt, the finite domain of integration ¢ € [0,7] is
equidistantly discretized as 0 = t) < t; < ... < t, < tpy1 < ... <ty =T.
By means of numerical solution, we seek the discrete values of all positions
{q0,q1, -, n, An+1, ---, An } and velocities {vo, Vi, ..., Vi, Vii1, ..., vy} which
are numerically constraint consistent. Let us assume that the initial conditions
qo = q(0) and vy = v(0) approximately satisfy the constraints, ®(ty, qq) =~ 0,
<i>(t0, qo, Vo) ~ 0. The complete solution can thus be obtained by integrating
the system dynamics successively between discrete time instants. In order to
illustrate salient aspects of the implementation, a numerical integration of (16)
is presented based on a forward Euler method, as follows:

(1) Based on q,, = q(t,) and v,, = v(t,,), known from the previous integration
step (or defined by initial conditions for the starting step), one can evalu-

ate: Q = Q(tnuqnyvn)y M = M(tnuqn)a A= A(trmqn)y bq = bq(tnaqn)u
b, = b,(t,, dn, Vn), ® = ®(t,,q,) and b = @(tn,qn,vn). The upper
triangular Cholesky factor of the mass matrix R is computed, where
M = R"R, and the pseudoinverse C* is computed based on C = AR

(2) Using Q, h and exploiting the Cholesky factorization one can efficiently
solve the unconstrained acceleration a,, from R”Ra,, = Q with a succes-
sive forward and backward substitution.

(3) The endpoint position is computed from:

dn+1 = dn + Vndt + R_lc+[(bq - AVn)dt - (I)]v (20)



and the endpoint velocity from:

Vi1 =V, +a,dt + R7ICT[(b, — Aa,)dt — ®)]. (21)

At the end of an integration step, the new position and velocity (qui1, Vii1)
is obtained. These values are used to initialize the next integration cycle.

The presented method assures that neither use of initial conditions which
do not exactly satisfy the constraints, the roundoff error (cased by imperfect
arithmetics), nor the truncation error (made by discretization) can cause con-
straint drift along the time integration. This however, does not mean that
inconsistent initialization is preferred. Namely, poorly selected qg and v will
cause intensive corrections at the beginning of the integration which may al-
ter the dynamic evolution of the system over time. To avoid this effect, it is
important to take care of correct initialization using approximately (numeri-
cally) consistent initial conditions, ®(to, qo) ~ O, i‘(to, qo, Vo) =~ 0, [38], [39].
Let us mention that due to 1/dt in (6), the compensation terms may make
the governing equation (16) stiff. However, this term is canceled after time
discretization as it is shown in (20) and (21).

If the constraints are indepndent, the pseudoinverse used in the numerical
procedure is explicitely defined CT = CT(CCT)~!. In general hovever, CT
requires a singular value decomposition of C. This computation may be rel-
atively expensive, although it allows one to resolve kinematic singularities
and generally handle dynamical systems with dependent constraints. For high
degree-of-freedom multibody systems however, reducing the computational ef-
fort needed for time integration could become crucial. In this case, one may
favor Cartesian or "natural” coordinates [40], [35], [41], and use topological
based approaches to exploit the structure as well as the sparsity pattern of
the formulation [42], [43].

In order to improve accuracy and/or numerical stability, instead of the pre-
sented simple scheme, more sophisticated explicit or implicit discretization
can be used as required. Implicit integrators are computationally more expen-
sive, but also more stable and are usually required if the equations of motion
are stiff. Practically, an implicit solver would use Newton iteration to obtain
the positions and velocities at each time step. This iterative process can be
sped up by exploiting the sparsity pattern of the Jacobian used in Newton’s
method as is proposed in [44]. Note however that due to its computational ex-
pense, solving (16) with an implicite solver is only resonable if the constraints
are independent, in which case no singular value decomposition is required to
compute CT.
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4 Related Simulation Methods

In this section, established DAE integration methods frequently used to pre-
vent constraint drift are discussed with respect to the presented equation (16).

An overall review of constraint enforcement approaches can be found in [45]
and [46].

4.1 Baumgarte’s constraint stabilization

The main issue in all DAE problems is ensuring that the small numerical error
made at each integration step does not accumulate along the solution process.
One of the most popular methods in engineering practice, which does not re-
quire iterative constraint corrections, is Baumgarte’s constraint stabilization
[16]. Practically, instead of using an original constraint & = 0, Baumgarte pro-
poses the use of a corresponding second order equation, P 4 20P + 520 = 0
which for a = § > 0 has a globally asymptotically stable aperiodic solution
approaching zero (® = 0) over time. As has been frequently pointed out in
the literature, the introduced parameters, a and # must be carefully selected,
since the selection can make the reformulated problem stiff and also can alter
the original dynamics of the system under consideration. In (16), the cor-
rection terms are derived to minimally alter the dynamics under numerically
imperfect conditions without resulting in stiff equations. This was achieved by
means of (18), (19), without introducing extraneous parameters like o and f3.
Various modifications of Baumgarte’s idea can be found in [47], [48], [49], [50].
Specifically, the approach proposed by Asher et.al [49] is based on a single
correction step (Newton iteration step) towards the position and velocity con-
straint manifold (3) applied after each time step. In the present paper, the
velocity and acceleration level constraint set (6) can also be seen as a Newton
iteration algorithm for (3). However, in the present approach, the correction
terms embedded in (16), are derived to minimally alter the uncorrected solu-
tion in a kinetic and acceleration energy sense according to (18) and (19), and
as such they cannot be obtained by directly solving (6) as proposed in [49].
Moreover, instead of post-correcting the computed solution, one can recognize
in (20), (21) that with explicit discretization, the correction terms derived here
perform pre-correction.

4.2 Iterative correction approach

In contrast to Baumgarte’s approach, a variety of other methods have been
developed which eliminate constraint drift by iteratively correcting the already
computed solution.
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The penalty based Augmented Lagrangian (AL) formulation introduced by
Bayo and Ledesman [23] works with redundant constraints and singular mass
matrices. In order to deal with constraint violation, a ”mass-orthogonal” pro-
jection method was formulated on the acceleration, velocity and position level.
Based on results presented in [23], the method can provide numerically perfect
constraint satisfaction along relatively large step integrations. The motivation
of the mass-orthogonal algorithm is to have the same matrix for the dynamic
equations and also for the iterative constraint correction process.

The correction approach proposed in this paper can also be seen as mass-
orthogonal. However, the idea presented herein is based on Gauss’s principle,
and as such it is free of the auxiliary (penalty) parameter one needs to specify
on the AL formulation.

An alternative two-step decoupled position and velocity level constraint cor-
rection algorithm had also been proposed by Blajer [24]. This approach is built
on the geometric interpretation of the constrained motion [51]. The method
assumes a full-rank constraint matrix and as such it cannot be used for simu-
lation of dynamical systems with redundant constraints.

Aghili [25] presented an efficient formulation for the constraint motion prob-
lem introducing a ”constraint inertia matrix”. In order to satisfy the (possibly
dependent) position constraints, he proposed a geometrically motivated cor-
rection method based on the pseudoinverse of the constraint matrix.

The approach presented in this paper does not uses the pseudoinverse of
the original constraint matrix, but rather is based on the inertially weighted
pseudoinverse, which allows dynamically consistent constraint correction (i.e.,
based on Gauss’s principle).

4.8 Coordinate partitioning method

In many practical applications, using dependent coordinates q with differential-
algebraic equations (1), (2) is a convenient and natural way to model con-
strained dynamical systems. However, having constraints, and as such de-
pendent coordinates, is the primary reason for the constraint drift along a
numerical integration. Theoretically, this problem can be overcome by ana-
lytical reformulation of the mathematical model, embedding all constraints in
(1) by specially selected (independent) generalized coordinates. This kind of
reformulation of the original DAE problem to a corresponding ODE is often
nontrivial or even impossible in practice. In this light, Wehage and Haug [52]
proposed a more practical coordinate partitioning in order to separate the de-
pendent coordinates from the independent ones. This partitioning, although
non-trivial and not unique, exactly eliminates the drift at the velocity level
from the integration, and allows DAE problems to be solved accurately using
a correction only on the position level.
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4.4 Differential-algebraic approach

In order to incorporate the motion constraints to the governing equation,
Gear [32] developed an index reduction method. Instead of solving the original
index-3 DAE problem (1), (2), he proposed an alternative index-2 DAE formu-
lation, [17], where the velocity level constraints, Aq = b, were directly embed-
ded in the equation of motion. In contrast to the Udwadia-Kalaba approach,
Gear did not eliminate the Lagrangian multipliers but rather calculated these
in each time step. The integration was based on the Backward Differentiation
Formula combined with Newton iterative correction of the original constraints
®. Similar methods have also been developed by [18], [19], [22].

In the presented approach, the Lagrangian multipliers are not computed,
which allows us to take redundant constraints into account. On the other hand,
instead of using the velocity (and acceleration) level constraints in standard
form, we have used (6), which allows (16) to prevent error accumulation with-
out iteration.

Note that Eich [22] has proposed a quadratic minimization based method
which corrects the computed solution by projecting it to the position and ve-
locity constraint (3) after each time step. The difference between the approach
suggested in [22] and the method presented herein is twofold; first, the mini-
mization we propose is performed in an acceleration and kinetic energy sense,
and second, the velocity and acceleration level constraints utilized in this pa-
per allows the correction approach to be explicitly incorporated in equation
(16).

4.5 Taking the numerical error sources into account

The importance considering the finite word length of the computational plat-
form, as well as the inconsistency of the initial data was also pointed out by
ten Dam [21]. In contrast to [32], ten Dam argued that the index of the DAE
is not what causes difficulties in the solution, but rather the order of steps
one takes to obtain the discrete formulation. Instead of discretizing the ana-
lytically derived equations, ten Dam proposed deriving the discrete Lagrange
multipliers with the primary objective of forcing the solution to satisfy the
constraints at each time step. It was shown that the discrete multipliers are
not equal to the discretized version of the analytically derived multipliers,
which is considered the main reason for the numerical instability experienced
by standard approaches.

From our viewpoint, the primary reason of the error accumulation and con-
straint drift lies in the standard constraint representation (7). Namely, it as-
sumes ¢ = 0, b =0 along the numerical solution, and as such eliminates the
information from the drift. Under this assumption, correction of the constraint
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drift is not possible. Taking the finite word-length of the computational en-
vironment into account, we accept ® =~ 0, b ~ 0, and use the velocity and
acceleration level constraints independently as is proposed with (6). In this
way the constraint drift can naturally and automatically be eliminated.

4.6 On the presented method

In order to obtain unique Lagrange multipliers, it is traditionally assumed that
the constraint matrix A is of full rank. In real simulation however, one cannot
guarantee this property through the dynamical evolution of the constrained
motion. Particularly, if the constraint set becomes dependent, A loses rank,
and the Lagrange multipliers cannot be uniquely calculated, and as such the
numerical simulation fails. By this reason, the approach presented here does
not require the Lagrange multipliers to be computed, instead, it uses the gen-
eralized constraint force which is always well defined.

All the dynamical simulations which seek precise constraint satisfaction im-
plement some type of correction algorithm. This correction process alters the
dynamic evolution of the system and can make it depart from the expected
natural behavior over time. In order to minimize this effect, the proposed cor-
rection terms are derived to minimally alter the motion in an acceleration and
kinetic energy norm sense.

In contrast to the frequently used iterative type constraint corrections, the
equation of motion (16) proposed here, does not require any iteration, which
may be highly preferred in real time applications. The noniterative constraint
correction is achieved by directly embedding (6) in the equation of motion.
Practically, this allows us to obtain one corrective step (toward the position
and the velocity level constraints) at each time step. Note, however, that
because only one corrective step is allowed, using initial conditions which sig-
nificantly violate the constraints will result in a low accuracy solution. In this
light, it is important to use initial conditions which at least approximately
satisfy the constraints and thus can be accepted as constraint consistent in a
numerical sense.

Finally, it is important to mention that utilizing the idea presented in [9)],
(16) can also be generalized to accommodate nonholonomic and nonideal con-
straints.

5 Application

In this section, the proposed formulation (16) is first tested on relatively sim-
ple dynamical systems, then on a more complex one. Specifically, in order to
assess the accuracy of the solution, examples are chosen which are sufficiently
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simple to allow formulation of the dynamics without explicitly imposed con-
straints, which in turn enables an ODE formulation of the dynamics. The ODE
formulation and subsequent solution via an ODE solver, which is termed the
"trusted solution”, is used in these cases to compare the results of the re-
spective DAE solution (16) termed as the ”proposed solution” (both under
the same numerical conditions). The authors also compare the DAE solutions
obtained by (16) and (17) (i.e., with and without constraint error correction)
for constraint drift in the presence of ”perfectly” consistent and inconsistent
initialization. After comparing solutions for the simple examples, a seven-link
biped (in three different constraint configurations), which is too complex to
be formulated as a single ODE problem, is used as a "realistic” application of
the proposed method.

The presented examples are solved with a fourth order fixed step Runge-Kutta
method. The solver is implemented in MATLAB and compiled to a C code.
Using this code, the simulations are performed on 2.4 MHz Intel Core2 Quad
PC computer with a fixed time step. The selected integration step preserves
stability of the explicit Runge-Kutta integrator. The error of the reported
numerical solutions are measured with respect to the "numerically exact solu-
tion” obtained using the ODE formulation integrated with a MATLAB solver
(with 107'% relative and absolute tolerance). All physical quantities used in
the simulations have standard SI units [kg, m, s].

5.1 Mathematical Pendulum

A pendulum with mass m and length [ is chosen to test the proposed method
over a long time period simulation ¢ € [0,1000]s. The constrained equation
of motion, (16), is derived using two (dependent) coordinates q = [x,y]” and
one constraint ® = z? + y? — [%. Starting from the horizontal rest position,
the motion is simulated using 1072 time step. Compared to the ”numerically
exact” position of the pendulum, the simulation results show the same accu-
racy, 3 x 1077 (i.e., worst error magnitude), for the ”proposed solution” and
the "trusted solution”, indicating that this error is not due to the constrained
formulation but is rather generated by discretization. On the other hand, us-
ing (17), (with no constraint correction) results in a low accuracy solution,
1071, as expected. In order to identify the importance of the correction terms,
the simulations were repeated with slightly imperfect initial conditions. The
result is depicted in Fig.1. Note that despite the imperfect initialization, no
error accumulation took place in the proposed solution. Correspondingly, (ex-
cept the first few steps) the constraint is satisfied up to, 10712 such that the
solution is practically free of drift. Let us mention that integration of (16) over
1000s took 13.7s CPU time, 26% of which was spent on constraint correction.
Since in the present context an explicit solver is utilized, the overall accuracy of
the integrated solution (accuracy compared to the numerically exact solution)

15



Fig. 1. Mathematical pendulum: [ = 1m, m = lkg. Last swing in ¢ € [0, 1000]s sim-
ulation is depicted. The "trusted solution” started from the rest horizontal position
q(0) = [1,0]7, v(0) = [0,0]T, is plotted with ”-”. The solution obtained by (16),
with imperfect initial conditions q(0) = [1 + 1075,107%]7, v(0) = [10~4, —1074]7,
is depicted with ”o”. The solution obtained by (17) with the same imperfect initial-
ization is plotted with ”+”. This solution violates the constraint and is shifted in
time.

as well as the accuracy of the constraint satisfaction is step-size dependent.
A representative relation between the integration step-size and the mentioned
accuracy measures is illustrated in Fig.2. As one can recognize, with a small
enough time-step, the overall accuracy obtained with the proposed formulation
is the same as that obtained by integration of the unconstrained formulation.
The presented numerical result also verifies that with a larger time-step, the
constrained formulation gives a less precise result, namely the constraint error
(although steadily maintained) is not in the order of the machine precision.

5.2 Slider-crank mechanism

Consider the slider-crank mechanism consisting of two links with equal lengths
[ and masses m, and a horizontal slider, with mass m, attached to the end
of the mechanism Fig.3. When the links are either horizontal or vertical the
mechanism is in a singular configuration. Our intention is to test (16) under
this singularity. To make the motion periodically cross the singular positions,
the base link is subjected to a constant counterclockwise torque of 20Nm
and a torsional (linear) viscous damping with damping coefficient 5Nms.
The constrained formulation is derived with four (dependent) coordinates
q = [x1,91, 01, 05]" and three constraints ® = [z1, y1, y1 +1(sin(6;)+sin(0s))]”.
Here, (z1,y1) are coordinates of the support point while #; and 6, are absolute
angles of the links measured counterclockwise from a horizontal reference.

The motion, started from a horizontal rest position, is simulated over t €
[0,100]s with 1073 time step. Compared to the numerically exact solution, the
motion reflected to the horizontal position of the slider x, = x1 + l(cos(6;) +
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Fig. 2. In this figure, log-log pictures depict the maximum constraint error [®,] .

|Py |00 and the maximum overall accuracy epmaq, € = v/ dz? + dy? (where dz and dy
are errors in the corresponding coordinates) between the ”trusted solution”, ”-” | and

the proposed solution, ”o”. The presented results are based on integration conducted
for ¢t = [0,10]s (dashed line) and ¢t = [0,100]s (full line) with seven different time
steps: dt € [5x 1074,1073,2 x 1073,5 x 1073,1072,2 x 1072,5 x 1072]. In the first
two figures, the full and the dashed lines are overlapped, indicating that the two
solutions have the same accuracy on the constraint satisfaction.

cos(6)), shows the same accuracy, 4.4 x 1078, for the proposed solution and
the trusted solution. The equation (16) is also tested under inconsistent ini-
tialization. The simulation results are depicted in Figs.3-4.

5.3 Two four-bar linkages

Let us consider two four-bar linkages with links of length [ and distributed
masses m. When the mechanism moves through a horizontal position, its
number of degrees of freedom changes instantaneously from one to three. The
intention here is to test (16) under this constraint singularity. The equation
of motion is derived with six natural coordinates, [53], which define the po-
sition of the moving joints, q = [x1,y1, T2, Y2, T3, y3]", and five constraints
S =22+ 92— 12 (g — 1)+ y2 =1 (23— 202+ y2 — 12, (20 — 21)* + (y2 —
y1)? =12, (23— 22)* + (y3 — y2)? — I?]7. The motion, started from a vertical rest
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y [m]
o

Fig. 3. Slider-crank mechanism: [ = 1m, m = lkg, ms; = 1lkg. Stroboscopic
view of the motion for ¢t € [97.5,99]s. The solution obtained by (16) with exact
initialization q(0) = [0,0,0,0]", v(0) = [0,0,0,0]7, is depicted with ”—". The
numerical integration took 18.9s CPU time, 5% of which is spent on constraint
correction. The motion predicted by (16) under slightly inconsistent initialization
q(0) = [1073,1072,1073,1072]7, v(0) = [1073,1072,1073,1072]" is plotted with
”——7"_. The solution obtained by (17), (with no constraint correction), was highly
inaccurate such that we decided not to present it here.

0 20 40 60 80 100

do/dt
I

0 20 40 60 80 100
t[s]

Fig. 4. Constraint evolution along the solution obtained by (16) is plotted with
” 7 Note that all constraints are below the machine precision 10~'°. Constraint
evolution along the solution obtained with no constraint correction is depicted with
7— . =7, Both depicted solutions started with inconsistent initialization.

position of the supporting links, is simulated over ¢ € [0, 100]s with 1072 time
step. Due to the relatively large time step and long simulation time we do
not expect a precise solution. Accordingly, compared to the exact numerical
solution, the result reflected to z3 shows 1072 maximal error in the proposed
solution and 2 x 10™* error in the trusted solution. Note that, in numerical
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simulations with a time step, 1073, the proposed and the trusted solution
possesed the same accuracy level, ~ 1077, as that obtained in the previous
examples. With the 1072 time step, integration of (17) with no constraint cor-
rection was unstable. The constrained equation (16), was also tested under
inconsistent initialization. The results are depicted in Figs.5-6.

1p-: : s —_—

y [m]
o

Fig. 5. Two four-bar linkages: | = 1m, m = 1lkg for each link. Stroboscopic
view of the motion for ¢ € [95,96.25]s obtained by (16) with exact initial-
ization q(0) = [0,1,1,1,2,1]7, v(0) = [1,0,1,0,1,0]”, is depicted with ”—".
The integration took 5.2s CPU time. The motion predicted by (16) under
slightly inconsistent initialization q(0) = [0,1 + 1072,1,1 + 10722 — 1072,1]7,
v(0) =[1-1072,0,1,0,1 + 1072,0]7 is plotted with ”——".

10
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107" Bimtaiieot i i st ek
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0 20 40 60 80 100
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Fig. 6. Constraint evolution along the solution obtained by (16) using inconsistent
initialization. Due to the large integration step, 1072, some constraints are not
satisfied on the order of the machine precision. Nevertheless, the constraint drift is
not growing through the integration.
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5.4 Trajectory tracking control

Motivated by a recent development in trajectory tracking control [54], our
intention is to show how (16) can be used to simulate dynamical systems
which perfectly (rather than approximately) track a predefined reference tra-
jectory. According to the classical philosophy of tracking control, we assume
that the motion of the considered dynamical system is guided with kinematic
constraints interpreted as control objectives. This view will allow us to embed
all predefined reference trajectories in the constraint set (6). In the present
context, this approach will allow perfect satisfaction of the control objectives
without application of the Baumgartne’s constraint stabilization method as
was used by [54]. The idea is presented by simulating three ”exercise” motions
of a planar biped robot.

Consider a 7-link planar biped robot depicted in Fig.7, with height L = 1.8m,
mass M = 7bkg and anthropometric geometric properties and mass distribu-
tion according to Table 1, [55]. The configuration of the biped is defined with
nine absolute coordinates q = [z, y, 0, 61, 0, 05, 04, 05,06]" . This coordinate set
is independent for the "flying biped” while it becomes dependent if constraints
are applied on the robot.

m,r,l, 0, X

Fig. 7. Biped model with generalized coordinates and associated geometric and
inertia properties. For each segment, the moment of inertial with respect to the

center of mass is calculated as I, = m*rf.

5.4.1 First exercise

Let us consider the biped restricted with nine kinematic constraints, specif-
ically, six physical restrictions due to the ground contact of both feet, and
three additional control objectives which specify the upper body angle and
also define periodic flexion of both knees. The constraint set is given by: ® =

[I{ - Ifd? yfv yl{? xltj - Ift)dv y?? yzv 0 — 0017 §0£ - cpgdv ()02 - (JOZd]T Where; x{d = 0.507,

20



Table 1
Geometric and inertial parameters of the biped.

Description || no. (%) | lu/L | lex/le | mu/M | 14/

Upper body 1 0.288 | 0.626 | 0.6780 | 0.496

Thigh 2 0.245 | 0.433 | 0.1000 | 0.323
Shank 3 0.246 | 0.433 | 0.0465 | 0.302
Foot 4 0.152 | 0.250 | 0.0145 | 0.475

a/l4 b/l4 h/L
0.75 0.25 | 0.039

Foot geometry

2%, = —0.097 define the desired horizontal position for the toes on the forward

and backward foot, 6; = 47 /9 is the desired upper body angle, <p£ =6, —0,is
the relative angle at the forward knee while ¢!, = (7/6)(1 — cos(wt)) defines
its desired motion, @i = 6, — 05 is the relative angle at the backward knee
with its desired motion defined by ¢4, = (7/10)(1 — cos(nt)). The simulation
result is depicted in Fig.8.

1.6
14
1.2

y [m]

0.8
0.6
0.4
0.2

-0.2
-0.5 0 0.5

X [m]

Fig. 8. The simulation is performed with 1072 time step over ¢ € [0,100]s with
q(0) = [0.056,1.220,1.396,1.920, 1.920,0,1.222,1.222, 0]” and v(0) = 0. Along the
motion, all physical and control constraints are satisfied up to 5.2 x 107, The
corresponding configurations in 50 successive depicted periods are overlapped.

5.4.2 Second exercise

Using the same biped model one can apply different constraints to generate
a required motion. In this example, we apply four physical constraints which
will hold the forward heel and the backward toe to remain on ground while
the motion of the robot is dictated with five control constraints. Practically,
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we define the upper body angle 6; = 47/9, the angular motion of the feet
O34 = (7/18)(cos(mt)+1), g = —(7/18)(1 —cos(rt)) supported with periodic
flexion of the backward knee ¢, = (7/10)(1—cos(nt)) and full extension of the
forward leg. Accordingly, the constraint set is given by: ® = [x{ —x{d, y,{ , b —
2l b 0—04,05— 054, 05— Osa, ol , oh — o], where 2, = 0.262, 2, = —0.038.
A stroboscopic view of the simulated motion is depicted in Fig.9.

1.6

y [m]

-0.5 0 05
x[m]

Fig. 9. The simulation is performed with 1072 time step over t € [0,100]s with
q(0) = [0.056,1.239,1.396,1.920,1.920, 0.349, 1.292,1.292, 0]7 and v(0) = 0. The
depicted 50 motion cycles show that the corresponding configurations in successive
periods are overlapped. All constraints are satisfied up to 2.7 x 10711,

5.4.3 Third exercise

The simulated motion here represents a balancing exercise with parallel legs
while only the toes are on the ground. The constraint set is given by: ® =
2], yl 2l 42,0 — 04, 0] — 0Ly, 0k — Dby, 03 — b5, 05 — Ooa, cor)T, where 0, =
A )9, ol = b, = (7/3)(1—cos(27t/5)), O34 = Oga = —(/27)(1—cos(2nt/5))
while the center of mass of the biped is kept above the toes, zcons = 0. Note
that the constraint set contains ten relations while the system is described with
nine coordinates. In this light, regardless of the configuration of the biped, the
constraint set is redundant at each time instant. Stroboscopic view of the bal-
ancing exercise is plotted in Fig.10.

The reference trajectories in the above three simulations are selected such
that the system cannot experience impacts (i.e., the necessary smoothness as-
sumption required on ® is not violated). Using an appropriate impact resolu-
tion algorithm, the presented method could be applied to simulate nonsmooth
motion such as bipedal walking. However, resolving impacts for multiple con-
straint dynamical systems is outside of the scope of this paper [27].

Finally, we would like to point out that by embedding a reference trajectory
into the constraint set, we assumed that the reference motion could be en-
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-0.5 0 05
x[m]

Fig. 10. The simulation is performed with 1072 time step over ¢ € [0,100]s with
q(0) = [0.046, 1.252, 1.363, 1.363, 1.363,0, 1.363, 1.363,0]” and v(0) = 0. The stro-
boscopic view of the whole simulation, 20 cycles, shows that the configuration of
the robot in successive periods are overlapped. All constraints are satisfied up to
1.6 x 10712,

forced with an ”ideal” control force which satisfies D’Alambert’s principle.
This assumption, however, may generate a controllability issue on the trajec-
tory tracking problem, as was pointed out by [56].

6 Conclusion

In order to simulate a constrained dynamical system, a governing equation
(16) with embedded constraint correction terms is derived. This equation has
a numerically stable implementation and allows the analyst to obtain a simu-
lated solution over long time periods of constrained dynamical systems using
simple generalized coordinates and standard ODE solvers. The presented for-
mulation exploits the pseudoinverse of the constraint matrix, and as such,
can also be used under dependent constraints and kinematic singularities. Al-
though the idea is presented from the standpoint of classical mechanics, one
can use it to simulate various physical systems modeled with differential alge-
braic equations.
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