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ABSTRACT
We propose a new kind of continuum robot based on crossed

elastic strips. The actuator-specified location of the crossover
point controls the lengths of the sections, enabling a wider range
of configurations than would be possible with traditional fixed-
section-length robots. Push-pull actuation of the crossed strips
controls the curvature of the sections. We provide a model that
describes the resulting configurations in terms of tangent circu-
lar arcs of varying lengths. Experiments with a prototype yield
tip positions that agree with model predictions with an average
error of 4.6% of the robot’s length.

INTRODUCTION
Continuum robots have unique properties among robotic

manipulators. Their passive compliance and ability to take on
a variety of shapes make them particularly well-suited to tasks
in which they must operate in a delicate environment or maneu-
ver around obstacles [1–3]. A variety of designs for continuum
manipulators have been proposed, including pneumatically and
hydraulically actuated manipulators [4–8], tendon-driven arms
[9–13], designs with flexible push-pull actuation rods [14], and
manipulators whose motion arises from the elastic interaction of
flexible pre-curved concentric tubes [15, 16]. A typical design
scheme among continuum robots involves multiple similar, in-
dividually actuated continuum sections, assembled in series to
produce a multi-section arm.

The ability to vary the length of the individual sections
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within a continuum robot is desirable, since it expands the range
of shapes the robot can achieve [17]. However, the mechanical
design and implementation of robots with this capability can be
challenging for nearly all continuum robot designs. Perhaps the
lone exception is pneumatic arms, since many pneumatic manip-
ulators are inherently extensible [3]. However, pneumatic de-
signs are not ideal for all tasks, and do not scale down to small
sizes as well as some other designs [18]. When smaller diameters
(on the order of several millimeters, for example) are required,
tendon- and rod-actuated designs are often selected. These de-
signs typically have fixed backbone lengths for each section.
However, there has been some research toward making them ex-
tensible. In [19], Blessing and Walker present a prototype of a
tendon-driven robot whose section lengths can be adjusted and
set prior to actuation, but not varied in real-time during robot
operation. In this paper we present a design where the relative
lengths of two sections can be varied during robot operation by
the robot’s actuators. We also provide a model for this robot
based on the constant curvature assumption.

Constant curvature kinematic models which accommodate
variable section lengths have been developed for general exten-
sible multisection arms in [20–22]. Indeed, for some classes of
continuum robots, extending fixed-section-length models to al-
low for varying section lengths is as simple as treating section
length parameters as inputs rather than constants [19]. The no-
tion of variable section lengths has also been used to model unin-
tended length changes, which may occur in response to tendon-
applied loads on the backbone, as in [12].

The new variable-section-length design we propose here is
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inspired by the work of Yamada et al. in [23]. They propose a
mechanism of bending for a small-scale continuum manipulator
which can enable a variety of unusual robot shapes. The concept
involves two flexible strips which are attached together at one
end, crossed over one another one or more times, and inserted
into a flexible outer sheath. Translating one of the strips into or
out of the sheath causes the strips to push on the walls of the
sheath and bend it into a curved shape.

The key innovation in our design in contrast to that of Ya-
mada et al. is to provide direct actuator control of the location
of the crossover point. This provides improved control over the
shape of the device, and enables a greater variety of achievable
shapes. Coupling the location of the change in curvature to an
input also has the benefit of enabling the use of the simple piece-
wise constant curvature kinematic model we present in this pa-
per. Through experiments with a 4.5 mm diameter prototype, we
demonstrate that the model can predict manipulator tip position
to within an average of 4.6% of the robot’s length across a wide
range of crossover point locations.

MANIPULATOR DESIGN
The manipulator design concept is illustrated in Figure 1.

Its key components are (a) a flexible outer sheath of length L
and inner diameter d, (b) a pair of two elastic strips, and (c) a
spacer disc (hereafter referred to as the crossover disc) which
constrains the strips to cross to opposite sides of the sheath at a
specific point along the length of the robot. The tip disc (d) is
affixed to the ends of each of the two strips, and also to the tip
of the outer sheath. The strips are able to slide through their re-
spective slots in the crossover disc. Also at the crossover disc,
two thinner, less stiff strips are affixed to the disc. When one
of the thicker strips is inserted or retracted, the robot bends into
two curves, opposite in direction, whose relative lengths are de-
fined by the crossover disc location. Pushing or pulling on the
two thinner strips together provides translational motion of the
crossover disc, thereby changing the location of the point of cur-
vature change between the two sections.

Experimental Prototype
A small-scale prototype of the manipulator is shown in Fig-

ure 2. Its length is 78 mm and its outer diameter is 4.5 mm.
The outer sheath is composed of a flexible compression spring,
wrapped in a flexible thin film of polyurethane medical tape (not
shown in Figure 2). The inner diameter of the spring is 4 mm.
The polyurethane covering is attached to the spring itself as well
as to the tip disc via its adhesive backing.

Each of the bending strips is a segment of 1.52 mm by
0.29 mm nitinol strip, while the two strips used to translate the
crossover disc are 0.51 mm by 0.28 mm nitinol strips. These thin-
ner strips are routed around one side of the two bending strips,
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FIGURE 1: Illustration of manipulator design concept. The
flexible outer sheath (a) contains a pair of bending strips (b).
These strips are shown at a side view (i.e. the view is of their
shorter cross-sectional dimension). The strips slide through the
crossover disc (c) and are affixed to the tip disc (d).

FIGURE 2: Photograph of experimental prototype, with the plas-
tic covering removed.

meeting in the center of the cross-section at the base. Both the tip
disc and the crossover disc are 3.6 mm in diameter and were laser
cut from 1.28 mm thick Delrin plastic. The bending strips are at-
tached to the tip disc via J-B Weld epoxy, and the smaller strips
are attached to the crossover disc with a cyanoacrylate adhesive.
To further aid sliding of the bending strips within the crossover
disc, the strips were coated with a PTFE dry lubricant spray.
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FIGURE 3: Illustration of kinematic model parameters.

KINEMATIC MODEL
A simple geometrically derived kinematic model can be

used to approximately predict the shape of the robot as a function
of the actuation variables q1 (translation of one of the bending
strips) and q2 (arc length along the robot at which the crossover
disc is located).

The primary underlying assumptions used to generate the
model are that the robot’s length L is much greater than its diam-
eter d, that out-of-plane motion is small since the two strips are
close to one another (producing little torque about the long axis
of the robot), and that frictional effects are negligible. We assume
that the shape is composed of two constant curvature (i.e. circu-
lar) arcs tangent to one another at the location of the crossover
disc. The first circular arc is assumed to leave the base in a di-
rection perpendicular to the base plate. One strip is chosen to
remain fixed, while the other is chosen to be translated in and out
as the input q1 is applied.

As the actuated strip is inserted, it bends and comes into
contact with the edges of the sheath, causing the sheath to bend
into two opposing arcs. Withdrawing the strip creates the op-
posite effect, in which the other, fixed strip presses against the
opposite walls. We assume that the differences in the lengths
associated with the regions of the strip near the crossover disc
that are not in contact with the wall do not significantly affect
the overall robot shape. In other words, we model the robot as
though the longer strip comes into contact with the sheath at the
outside edge of each curve along the entire length of the robot,
such that its crossing at the disc is discontinuous and instanta-
neous, as shown in Figure 3. This and other assumptions will be
examined experimentally in later sections where we compare the
predictions of this model to experimental data from our proto-
type.

To derive a geometric model for the device, first consider
the case where q1 is positive. With the centerline of the robot

assumed to be a constant length, the centerline arc lengths of
the proximal circular section (`1) and that of the distal circular
section (`2) are defined by:

`1 = q2

`2 = L−q2.
(1)

In determining the resulting curvatures of each of the two
sections, we assume that the inserted length q1 becomes dis-
tributed along the two arc lengths directly in proportion to the
relative lengths of each section. Thus the increase in the lengths
of the outer edge of section 1 (δ1) and the outer edge of section
2 (δ2) are:

δ1 =

(
`1

L

)
q1

δ2 =

(
`2

L

)
q1.

(2)

Based on this assumption, the following relationships be-
tween arc length (`i), radius of curvature (ri), and subtended an-
gle (θi) can be written for the centerline of each of the two sec-
tions:

r1θ1 = q2(
r1 +

d
2

)
θ1 = q2 +δ1

r2θ2 = L−q2(
r2 +

d
2

)
θ2 = L−q2 +δ2

(3)

Combining (1), (2) and (3) reveals that the curvatures (κ) of
the two sections are equivalent, and independent of the location
of the crossover point:

κ ,
1
r1

=
1
r2

=
2q1

dL
(4)

With κ , `1, and `2 defining a configuration space for the ma-
nipulator, it is straightforward to convert to a space curve repre-
sentation parameterized in arc length that will provide the Carte-
sian coordinates of the robot’s tip or any other point along it [3].

Note that inserting or retracting one strip without changing
the length of the other will result in a small amount of extension
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FIGURE 4: Demonstration of the workspace of the prototype
robot.

or contraction of the overall length L. Here, we assume that this
effect is negligible, such that the model is symmetric for positive
and negative values of q1.

Based on this kinematic model, and assuming a range of
allowable actuator values of -4 mm < q1 < 4 mm and 20 mm <
q2 < 50 mm for the prototype described in the previous section,
a sampling of the workspace of the robot is shown in Figure 4.

EXPERIMENTS
To validate the kinematic model described in the previous

section, the experimental prototype was mounted to a base plate
which was attached to a pair of precision linear positioning
slides, as shown in Figure 5. One of these slides was used to con-
trol the insertion and retraction of one of the bending strips (q1),
while the other was used to control the position of the crossover
disc (q2). Examples of the motion resulting from these inputs are
shown in Figure 6.

To obtain position data along the length of the robot, the
Polaris Spectra optical tracking system (Northern Digital, Inc.)
was used to track a point probe. A series of seven marks were
drawn on the outside of the outer sheath of the manipulator, be-
ginning 10 mm from the base plate. Nine data points were col-
lected for each pose of the manipulator by carefully touching the
tip of the tracked probe to the base of the robot, to each of the
seven marked locations along the robot, and finally to the tip of
the robot. Position values for these points were recorded with
respect to a base frame defined by three markers rigidly attached

(a) (d)

(b)

(c)

FIGURE 5: Experimental setup including (a) optical tracking
system, (b) tracked probe, (c) prototype continuum robot, and
(d) linear slide actuators.

FIGURE 6: Examples of the robot motion achieved with our ex-
perimental setup.

to the base plate of the experimental setup.
A total of 35 actuator configurations were applied to the

robot, and the resulting shape was recorded with the optical
tracking system for each of these configurations. The values of
q2 tested were q2 = {20,25,30,35,40,45,50} mm, and the val-
ues of q1 used for each of these crossover disc locations were
q1 = {−4,−2,0,2,4} mm.

The results of the experiment, shown in Figures 7, 8 and
9, demonstrate that the kinematic model is accurate throughout
the range of actuator values tested in these trials. The overall
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FIGURE 7: Results of experimental validation of kinematic
model. The shape predicted by the model is shown in black and
the experimentally observed shape is shown in colored circles.

average tip position error was 3.6 mm or 4.6% of the robot’s
length, while the worst tip position error observed in any single
trial was 7.2 mm or 9.2% of the robot’s length. The poorest tip
accuracies were observed at the smallest values of q2 tested, as

q2: Crossover Disc Location in mm
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FIGURE 8: Model tip error, averaged over five values of q1
tested, versus crossover disc location.

q2: Crossover Disc Location in mm
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FIGURE 9: Maximum out-of-plane distance observed for any
value of q1 anywhere along the robot length versus crossover
disc location.

shown in Figure 8.
A substantial portion of the model error comes from unin-

tended out-of-plane motion, which is most significant when the
crossover disc is positioned near the base. This effect is illus-
trated in Figure 9, which shows the maximum recorded out-of-
plane motion observed anywhere along the robot’s length for any
tested value of q1 as a function of the crossover disc location q2.
The pattern of out-of-plane motion mirrors that of the tip position
error, with the highest degree of out-of-plane motion observed
for the smallest values of q2.

DISCUSSION AND CONCLUSIONS
In this paper, we have presented a new design for a two-

section planar continuum robot whose relative section lengths
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FIGURE 10: Test of robot bending capabilities. (a) shows the
robot actuated until it comes in contact with the base plate, and
(b) shows the robot after continued actuation, just prior to failure.

can be varied by one of the actuation inputs. A useful feature
of this design is that it requires only one degree of freedom for
bending and one degree of freedom for the adjustment of the
point of curvature change between the two sections. This results
in a robot with two coupled continuum sections of equal curva-
ture that bend in opposite directions, where the sum of the sec-
tions’ lengths is constant, but their individual lengths can vary.
Axial rotation at the base of the robot can be used to obtain a
spatial rather than planar workspace.

The simple geometry-based kinematic model presented in
this paper is experimentally shown to be accurate for the robot
configurations tested in the preceding section. Thus, depend-
ing on specific task requirements, this model may be sufficient.
However, as the crossover point is brought closer and closer to
the base, the model begins to lose accuracy and out-of-plane mo-
tion becomes significant.

The actuator limits defined for the model validation exper-
iments are somewhat arbitrary, and were chosen in order to be
confident that the robot will not be damaged as it is actuated,
though inputs outside of the stated ranges are possible. In its
straight configuration, it is possible to vary q2 from 6 mm to
57 mm. However, at these extreme crossover disc locations, the
amount of bending possible is much more limited, and the model
proposed in this paper no longer predicts the robot shape well.
To explore the limits on q1, we positioned the crossover disc in
approximately the middle of the robot length at q2 = 40 mm, and
began retracting the actuated strip as far as possible. As shown
in Figure 10(a), the mechanism achieved a high curvature and
remained in approximately circular arcs, bending far enough to
come into contact with the frame holding it. Continuing to with-
draw the strip after this point resulted in the pose shown in Figure
10(b), until finally the glue bonds between the crossover disc and

the smaller strips failed at q1 =−16 mm. This demonstrates that
the robot has a usable workspace beyond the limits we chose in
this paper. In contrast to q2, we suspect that the model proposed
in this paper would work well for a larger range of q1. However,
testing this is left to future work.

Frictional effects, which are assumed negligible in the model
proposed in this paper, are also worthy of further discussion.
Friction between the bending strips and the crossover disc would
tend to make the strip distribute itself unevenly between the two
sections of the robot. This would create a hysteresis in the ma-
nipulator pose and cause increased deviation from the model-
predicted behavior. The prototype used in these experiments has
not been optimized to minimize friction (in particular, there was
a relatively tight tolerance between the crossover disc and the
strips passing through it), and did exhibit some hysteresis. We
sought to mitigate this effect in our experiments by oscillating q1
by± 1 mm around each actuator set point for approximately five
cycles. It may be possible to reduce frictional effects in future
design iterations by oversizing the slits in the crossover disc and
using highly lubricious materials.

The constant overall length assumption used in this model
is also a source of some of the tip position error. In order to
better agree with the constant length assumption and achieve a
more symmetrical workspace as the model predicts, an actuation
scheme in which the two strips are translated by equal and op-
posite amounts may in fact be preferable. These two translations
could be mechanically coupled to avoid the need for an addi-
tional actuator. Alternatively, the elongation and contraction of
the length could be incorporated into the geometric model.

Another interesting option for future work would be to de-
velop a mechanics-based model, which could potentially im-
prove the accuracy of the planar kinematics, predict out-of-plane
motion, and describe the behavior of the manipulator under
known external loads. For example, a Cosserat rod-based mod-
eling approach, which has been used in prior work for tendon-
driven designs [24], concentric tube robots [16], and continuum
parallel robots [25] could prove effective here.

Increasing the number of adjustable length sections within
the manipulator is another area for future work. Assuming suf-
ficient space within the cross-section of the robot, it is possible
to add additional discs which cause the robot to cross in more
than one location, thereby increasing the number of sections. In
this case, the inclusion of n discs should result in n+1 different
sections of adjustable length.

In summary, the new manipulator we describe in this paper
offers the possibility of achieving a wider range of shapes with
fewer actuators than prior continuum robots. We believe these
capabilities may be useful in minimally invasive surgery and also
in industrial inspection tasks. Also importantly, the work in this
paper contributes a new design to the emerging subfield of con-
tinuum robots involving nonlinear actuation element routing (see
e.g. [23,24,26]) – a powerful concept which we believe is poised

6 Copyright c© 2015 by ASME

This is the final version of this paper submitted for typsetting.



to enable new future applications and capabilities in continuum
robots.
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