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ABSTRACT

Many applications in medicine require flexible surgical manipulators and endoscopes capable of reaching tight
curvatures. The maximum curvature these devices can achieve is often restricted either by a strain limit, or by a
maximum actuation force that the device’s components can tolerate without risking mechanical failure. In this
paper we propose the use of precurvature to “bias” the workspace of the device in one direction. Combined with
axial shaft rotation, biasing increases the size of the device’s workspace, enabling it to reach tighter curvatures
than a comparable device without biasing can achieve, while still being able to fully straighten. To illustrate
this effect, we describe several example prototype devices which use flexible nitinol strips that can be pushed
and pulled to generate bending. We provide a statics model that relates the manipulator curvature to actuation
force, and validate it experimentally.
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1. INTRODUCTION

Continuously flexible robots that undergo large deflection are known as “continuum robots”. They comprise a
large and growing subfield of robotics research. They are frequently applied in surgical applications, because
they can reach through small openings and maneuver around obstacles in the body, and because their passive
compliance makes them safer than traditional rigid-link robots.1–3 Flexible endoscopes are one widely known
continuum surgical device, and may be robotic or manually actuated.

Continuum robots bend via controlled deformation of an elastic element within the manipulator. A variety
of different continuum robot designs have been developed, using different types of elastic elements to provide
structural support and transmit actuation forces from a variety of actuators.3 Tendon-actuated designs, such
as those described in [4–7], are some of the most widely used, and are most similar to traditional flexible
endoscopes. A tendon-actuated continuum robot typically consists of an elastic structure with tendons attached
at the distal tip. The tendons are offset from the central axis of the manipulator, so that when one of the tendons
is pulled, it exerts a moment on the tip of the manipulator, causing the flexible backbone to bend. If the robot
is experiencing no external loads, it will typically bend into a constant curvature configuration in response to
this moment. Under general external loading, the tendons will also exert distributed forces along their lengths,
causing the shape to be non-circular.5 Other continuum robots use multiple flexible rods or tubes instead of
tendons, which can transmit forces in two directions (push and pull) rather than one (pull only) to produce
bending in a similar way.8,9 This multi-backbone design has been proposed for surgical procedures including
minimally invasive surgery of the throat. Another way to construct a continuum robot is by nesting several
precurved elastic tubes inside one another. When the tubes are rotated and translated at their back ends, they
bend and twist one another, producing a tentacle-like motion.10,11 With its needle-size diameter, this type of
manipulator has been developed primarily for applications where small size is critical, such as transnasal brain
surgery12 and transurethral prostate surgery.13 One noteworthy feature of this design is its use of precurved
elastic elements.

In this paper, we seek to combine the push-pull concept of [8, 9], with the precurvature concept of [10, 11].
We also propose the use of flat elastic strips in place of round rods for push-pull actuation. These provide high
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out of plane stiffness, and assuming axial rotation of the device is possible, do not sacrifice workspace. The end
result is a new approach for effectively enhancing the achievable curvature of a continuum manipulator, so that
it can reach around tighter anatomical corners in the human body, while still being able to fully straighten. The
basic concept of adding precurvature, described in Section 2, can be applied to a variety of continuum devices,
including those actuated by tendons or push-pull rods.

2. CONCEPT AND CLINICAL MOTIVATION

The maximum curvature a continuum robot can achieve often depends on either material strain limits or actuation
forces. To mitigate strain damage, materials with high strain limits are often used. Perhaps the most widely used
material is superelastic nitinol, a nickel-titanium alloy with an effective strain limit before plastic deformation
that can be as high as 11%.14 Given this high strain limit, manipulators made with nitinol often fail in some
other way before plastic deformation begins. For example, this failure may occur when a glue bond breaks,
when a tendon snaps, or when one of the elements begins to buckle.9 Ensuring that the actuation forces of the
manipulator do not exceed some upper limit can prevent most of these failure modes.

With the exception of concentric tube robots, nearly all continuum robots and flexible endoscopes are straight
when no actuation forces are applied. In this paper we discuss the idea of precurving the elastic elements in the
manipulator, such that the unactuated shape is curved. This has the effect of reducing the material strain in the
manipulator when it is actuated to a high curvature pose, and thereby reduces the actuation forces required to
achieve that curved pose. The result is a workspace that is “biased” in one direction, as shown in Figure 1, which
is capable of achieving tighter curvatures than a non-precurved robot of otherwise the same design. Axial rotation
at the base of the manipulator enables the full tip-position workspace, such that the precurved manipulator can
reach a larger volume overall.

Medical examples for which higher curvature devices could be useful include retroflexed endoscopy and
hip implant revision surgeries. In colonoscopy, which is used as a primary screening tool for colon cancer, the
physician uses an endoscope to search the colon for lesions. “Retroflexion” refers to the bending of the endoscope
tip to an angle of 180◦ or more, as illustrated in Figure 2 (a). Retroflexion enables the physician to see features
which are not readily visible in the forward view of the endoscope, such as lesions which lie behind folds in
the mucosa or near the anal sphincter, and has been shown in a some studies to improve the lesion detection
rate.15,16 In the area of orthopedics, a technique for robotic minimally invasive hip revision surgery has recently
been described by Kutzer et al.6 It involves passing a flexible robot through the screw holes in the acetabular
component of the implant to clean out osteolytic bone lesions, as illustrated in Figure 2 (b). Maximizing the
curvature of the robot is valuable in this application to more easily clean out regions near the robot’s point of
entry into the lesion.
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Figure 1: Illustration of the bending ranges of (a) a traditional straight continuum robot and (b) a precurved
continuum robot, with their curvature limits defined either by strain limit or by maximum allowable actuation
force. The precurved robot is capable of achieving a tighter curvature, and has a larger workspace when axial
rotation is allowed.
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Figure 2: Illustration of how a high-curvature robot could be useful in two specific clinical procedures. (a) shows
a colonoscope in retroflexion to find hidden polyps, and (b) shows a curved tool being used to access osteolytic
lesions behind the acetabular implant component in hip revision surgery.

3. PROTOTYPE DESIGN

For proof of concept on the use of precurvature to enhance maximum curvature, we constructed a set of three
prototypes with different precurvatures. The prototypes, shown in Figure 3, use superelastic nitinol strips as
push-pull actuation elements. Each is 7.8 mm in diameter and approximately 40 mm long, with additional
dimensions illustrated in Figure 4, and reported in Table 1. The calibrated dimensions in the table refer to
values which were experimentally fit to our kinematic model, as described in Section 5.

Each prototype includes a primary backbone strip (labeled “Strip 0” in Figure 4) with spacer discs attached
along its length with J-B Weld epoxy. Each prototype also has two additional strips that pass through the spacer
discs and transmit actuation forces to the tip of the device. The spacer discs are laser cut from PTFE-filled
Delrin acetal resin, selected for low friction. Spacer discs are positioned along the backbone with a spacing of
10 mm. The final disc, located at the tip of the manipulator, is not actually affixed to the central strip; instead
the central strip is free to slide in its slot in the tip disc, while the two actuation strips are attached to the tip
disc with J-B Weld epoxy. The primary purpose for allowing the central strip to slide at the tip disc is to allow
for certain simplifying assumptions in the statics modeling, which are explained in Section 4. To further reduce
friction, the actuation strips were coated in a PTFE-based dry lubricant (Duraglide, MicroCare Medical, USA).

To shape-set circular precurvatures into the strips, we used the electrical shape setting method described in
[17]. This method involves constraining the strip in the desired shape using a wooden jig and running a large

(c)(a) (b)

Figure 3: Set of prototype manipulators, with intended precurvature radius values of (a) ρ∗0 = ∞, (b) ρ∗0 =
60 mm, and (c) ρ∗0 = 30 mm.
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Figure 4: Definition of design parameters for prototype manipulators. (a) depicts a side view of the manipulator
in its unactuated shape, and (b) depicts one of the spacer discs.

Table 1: Summary of the dimensions in the prototypes, as defined in Figure 4. Experimental calibration of these
dimensions is described in Section 5.

Variable Variable definition Desired dimension Calibrated dimension

D Spacer disc diameter 7.8 mm –

d Spacer disc thickness 1.57 mm –

a Distance between strips 2.5 mm
A: 2.93 mm
B: 2.86 mm
C: 2.92 mm

T Strip thickness 0.292 mm –

W Strip width 1.52 mm –

L0 Length of strip 0 40 mm
A: 40.04 mm
B: 41.45 mm
C: 42.02 mm

ρ∗0 = 1
κ∗
0

Radius of precurvature of strip 0
A: ∞
B: 60 mm
C: 30 mm

B: 65 mm
C: 32.25 mm

amount of electrical current through it for a short period of time. Resistive heating in the nitinol heats the
material to the temperature required for it to “memorize” the shape of the jig.

We created one straight prototype (Prototype A), one with an intended precurvature radius of 60 mm
(Prototype B), and one with an intended precurvature radius of 30 mm (Prototype C). These radius values
refer to the precurvature of the central backbone strip, ρ∗0 (with the star superscript denoting dimensions in the
unactuated shape). The precurvature radii of the two actuation strips, ρ∗i , are given by

ρ∗i = ρ∗0 + ai (1)

where ai is the distance from strip 0 to the ith strip with positive ai for elements on the outside of the curve and
negative ai for elements on the inside of the curve, such that

ai =


0, i = 0

a, i = 1

−a, i = 2

. (2)
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Similarly, the length of each strip within the manipulator prior to actuation, L∗
i , is given by

L∗
i = L0

(
1 +

ai
ρ∗0

)
. (3)

This is to prevent the strips from deflecting each other out of their set precurvatures and producing strain when
the manipulator is in its unactuated shape. Behind the plate defining the base of the manipulator, where the
force sensors were attached to the strips in the experiments of Section 5, an additional 7 mm of each actuation
strip was set into the same circular arc. This portion represents the maximum length of strip inserted into the
manipulator in our experiments, and precurving this portion allows us to treat the precurvature of each strip as
constant within the manipulator even as the strips are translated during bending.

4. KINEMATIC & STATIC MODELING

To aid in the eventual design of a precurved manipulator for a specific application, we develop the following
modeling framework relating translation of the strips, resulting curvature, strain in the manipulator and applied
actuation forces, for a device such as the ones described in Section 3. We begin with a kinematic model,
relating the translation of the actuation strips to the resulting curvature. We then use a statics model based on
Castigliano’s theorem, to model the actuation forces required to achieve a given manipulator curvature.

4.1 Kinematics

First, we assume a circularly curved manipulator shape (an assumption frequently applied in continuum robot
modeling1), which allows us to fully describe each pose by a single value (e.g. the curvature κ0 of the manipulator’s
centerline). The geometric relationship defined in Equation 1 should remain true as the device is actuated outside
of its original shape, such that ρi = ρ0 + ai during actuation. In terms of curvature, this is:

κi =
κ0

1 + aiκ0
(4)

where κi is the curvature of the ith strip. To also maintain Equation 3 outside of the unactuated pose, the
translation of each actuation strip must be:

∆Li = Lai (κ0 − κ∗0) (5)

where κ0 is the curvature of strip 0 and κ∗0 is the precurvature of strip 0. Since a1 = −a2, we can define a single
actuation variable q as:

q = ∆L1 = −∆L2. (6)

The resulting kinematic relationship between q and the modeled curvature, κ0 is:

κ0(q) =
Laκ∗0 + q

La
. (7)

4.2 Statics

Various statics models have been developed for continuum robots, including constant curvature models such as
the model we propose here, as well as more complex models which can describe arbitrary spatial curves (see [3]
for a review). The statics model we use is derived based on a classic bending beam model of strain. This allows
us to compute the total strain energy stored in the deflected structure, then estimate the actuation forces in each
element based on Castigliano’s theorem, similar to the method used in [18].
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Figure 5: Definition of yi, which describes the location of a fiber within the ith strip relative to the centerline
of the ith strip.

We start by modeling the strain in a single precurved strip deflected to an arbitrary curvature. We assume
pure bending, with the neutral bending plane of the element at its centerline.∗ The strain varies along yi,
the distance from the neutral plane of the bent elastic element to the location within that strip (illustrated in
Figure 5). We can model strain as a function of yi and κi according to:

ε(yi, κi) =
yi (κi − κ∗i )

1 + yiκ∗i
. (8)

Next, we consider the stress in the material for a given strain value. The stress-strain relationship for nitinol
at high strains is complex and nonlinear.19,20 However, for the prototypes we constructed and the curvatures
tested in Section 5, the strains can be considered to remain in a linear elastic region of the stress-strain curve,
where

σ = Eε. (9)

Many other continuum manipulators made with nitinol operate in this linear elastic strain range.4,11,21 For
manipulators undergoing higher strains, models describing a larger portion of the stress-strain curve can be
used. For example, a simple piecewise linear model which captures the plateau stress effects observed with
nitinol is:

σ(ε) =


σlp, ε <

σlp

E

Eε,
σlp

E ≤ ε ≤
σup

E

σup, ε >
σup

E

(10)

where σup is the upper plateau stress in tension and σlp is the lower plateau stress in compression. With a
relationship between stress and strain defined, the strain energy density corresponding to any strain value can
be computed by finding the area under the stress-strain curve:

w(ε) =

∫ ε

0

σ(u)du. (11)

The total strain energy stored in each strip can then be found by integrating the strain energy density over
the volume of the strip within the manipulator. In this integration, we neglect the strain energy stored in the
precurved length of strip behind the front plate, which experiences some strain because it is straightened. Due
to the short length in comparison to the total length of strip in the manipulator, we assume this transmission
length will contribute relatively little to the strain energy. Additionally, since our two actuation strips are

∗In general the neutral bending plane for a precurved beam is not at its geometric centerline, but defined by a curvature

radius of ρn = T
(

ln
(
ρ0+0.5T
ρ0−0.5T

))−1

. However, due to the very small thickness of the strips used in these prototypes, the

difference between ρn predicted by this equation and the radius of the centerline is very slight (0.2% of the strip thickness
even at the tightest curvature observed in our experiments).
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always translated by equal and opposite amounts during actuation, the total length of precurved strip behind
the front plate remains constant, and thus the amount of strain energy stored due to straightening in the
transmission length will be approximately constant during actuation. With this simplifying assumption, the
resulting expression for the strain energy in the ith strip is found by integrating strain energy density over the
strip’s “reference” volume (in its unactuated shape):

Ui(κ0) =

∫
Vi

w(ε(κ0, y
i))dVi. (12)

Summing the strain energy in each of the strips yields the total strain energy stored in the manipulator:

U(κ0) =
2∑
i=0

Ui. (13)

After finding the total strain energy, we can deduce the moment applied at the tip of the manipulator based on
Castigliano’s theorem, by considering the device as a single bending beam:

M(κ0) =
∂U

∂θ
, (14)

where θ = L0κ0 is the angle subtended by the arc of the manipulator. Based on a static balance at the tip disc,
and assuming that the central strip sustains no tensile or compressive force since it is free to slide at the tip, we
find that the actuation force in each of the two elements must be equal and opposite (F1 = −F2 , F ).

The value of F, the tensile or compressive force sustained by each strip is found by:

F (κ0) =
M

2a
, (15)

where F represents tension on the strip which has been retracted (i.e. ∆Li < 0) and compression on the strip
which has been inserted (i.e. ∆Li > 0).

5. EXPERIMENTS

To investigate the accuracy of the model described in Section 4, we attached each of our protototypes to a pair
of linear positioning slides, as shown in Figure 6. The setup was assembled primarily from laser cut acrylic, with
the same low-friction material which composes the spacer discs (PTFE-filled Delrin acetal resin) used for the
front plate, where the strips are inserted and retracted from the manipulator. The total transmission length of
each strip was kept to a minimum (11 mm) in order to minimize buckling. The back end of each of the actuation
strips is attached to an acrylic piece with J-B Weld epoxy, which is mounted to a small six-axis force/torque
sensor (Nano17, ATI Industrial Automation, USA) used to record the actuation forces on each strip.

Each prototype manipulator was mounted to the setup, and sequentially positioned with q values first in-
creasing from 0 mm to 7 mm in increments of 1 mm, then decreasing from 0 mm to -7 mm in increments of
1 mm. For each pose tested, the actuation forces for each strip were recorded using the Nano17 sensors, and a
photo of the manipulator pose was recorded. We considered the actuation force for each pose to be the norm of
the three-dimensional force vector recorded by each sensor, averaged between the two sensors. The curvature of
the pose was determined using the photos, by first recording 20 points along the central backbone strip using the
image analysis program ImageJ, with the diameter of one of the spacer discs serving as a reference for size. These
points were fit to a circle, whose radius defines the experimentally observed curvature radius of the manipulator.

To account for uncertainty in the prototype dimensions, we optimized the values of a and L0 for each
prototype and κ∗0 for each precurved prototype so as to reduce the error between the kinematic model and the
experimentally observed curvatures. For the optimization, we assumed some reasonable bounds on the parameter
values. For a, we allowed for optimization within ±0.5 mm of the intended distance, which is reasonable given
some oversizing of the slots in the discs. For the length L0 and the radius of precurvature ρ∗0, we used bounds
at ±3 mm and ±5 mm from the intended values, respectively, which are also reasonable given imprecision in

This is the final version of this paper submitted for typsetting.



prototype
manipulator

force sensors
linear

positioning
slides

Figure 6: Experimental setup used to measure actuation forces.
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Figure 7: Kinematic model accuracy: experimentally observed curvature (open circles) and curvature predicted
by the kinematic model (solid line) versus actuation input q.

the device assembly. The calibrated values for these variables are given in the last column of Table 1. With this
calibration, the accuracy of the kinematic model is shown in Figure 7.

The experimentally observed force data was then used to fit the value of Young’s modulus in the statics model
so as to minimize the error between the observed and modeled actuation forces. The statics model is computed
based on the modeled curvature, using the values for a, L0 and κ∗0 which were calibrated previously. This resulted
in a Young’s modulus value of 59 GPa, which falls within the 41-75 GPa range reported in the manufacturer data
sheet (Nitinol Devices and Components, Inc., USA). The observed and modeled forces plotted against curvature
are shown in Figure 8. The result is a reasonable fit between the statics model and the experimental data, with
unmodeled friction, imprecision in assembly of the prototypes, and changes in material property due to heat
treatment being the most likely sources of error. Based on the experimental force data shown in Figure 8, if we
assume an arbitrary actuation force limit of 5 N, the workspace of the straight and precurved manipulators is
demonstrated in Figure 9.

6. CONCLUSIONS

We expect that the concepts described in this paper will become increasingly valuable when (1) high stiffness is
required in the device and/or (2) the device is miniaturized to smaller diameters. One may want high stiffness
in a variety of applications, such as when the continuum device is used as a retractor, for example. Smaller
size is desirable in a variety of applications as well. One potential application might be endoscopic kidney stone
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Figure 8: Statics model accuracy: experimentally observed actuation force versus observed curvature (open
circles) and force predicted by the statics model versus curvature predicted by the kinematic model (solid line).

(a) (b)

Figure 9: Comparison of the workspace of two prototypes subject to a 5 N limit on actuator force, based on
the experimentally observed force data. (a) shows prototype A (no precurvature), and (b) shows prototype C
(precurvature radius of approximately 30 mm). The red shaded region represents the expanded workspace of
the precurved manipulator over that of the straight manipulator assuming axial rotation is possible.

treatment, where the ureteroscope used to access the stones may be approximately 2.5 mm in diameter. Increasing
stiffness can be accomplished by increasing the dimensions of the elastic elements used in the manipulator. As
can be seen from the model in Section 4, doing this increases the stored strain energy, and therefore requires
larger actuation forces. Reducing the diameter of the device also increases actuation forces because it requires
decreasing the spacing of the elastic elements, resulting in a smaller moment arm in Equation 15. Since the
manipulator will have some maximum actuation force at which a component (for example, a glue bond or
a support disc) risks failure, curvature will be limited by high actuation forces. Thus, the incorporation of
precurvature will become increasingly valuable for smaller robots and for stiffer robots.

In summary, in this paper we have proposed the idea of using precurved elastic elements to “bias” the
workspace of a continuum robot. This approach enables the device to reach around tighter corners than it would
otherwise be able to, and when combined with axial rotation of the entire device, enables a larger workspace.
We identified and briefly described two clinical applications that might benefit from higher curvature devices,
namely hip revision surgery and endoscopic procedures requiring retroflexion, such as colonoscopy. We believe
there will be many additional applications that can benefit from this approach as well. The model in this paper is
primarily intended as a design tool, which will be useful for adapting the concept to specific clinical applications
in the future.
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