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Abstract— When designing continuum robots for applications
that require sensing, designers are faced with the problems of
deciding what sensors to use, where they should be placed, and
how best to use the information they provide. In this paper,
we describe how a differential representation of a continuum
robot’s kinematic equations that govern its states (e.g., shape)
can be used to simultaneously address these problems under the
guidance of statistical state estimation. We identify how state
estimation and sensing-system design (i.e., sensor selection and
placement) are inherently coupled problems, which leads us
to formulate sensing-system design as an optimization problem
governed by the results of statistical estimation. As a case-study,
the methods described herein are used to design a magnetic
sensing system for concentric-tube robots.

I. INTRODUCTION

The challenge of manipulation in a confined workspace
only reachable through narrow pathways has motivated the
development of continuum robots, which are inherently con-
tinuous tentacle-like devices.

There are a variety of continuum robots and sensing
systems to which this work is applicable. Tendon- and
backbone-actuated robots [1], [2], concentric-tube robots
[3], [4], and pneumatic robots [5] are the popular subject
of research for minimally-invasive surgical applications and
manipulation tasks. Approaches to sensing for these robots
include magnetic tracking [6], fiber Bragg-grating (FBG)
sensors [7]–[9], tendon/backbone strain sensors [2], and
image-based methods such as fluoroscopy [10], magnetic
resonance [11], and ultrasound [12]–[14].

Incorporating noisy observations from these sensors into
meaningful estimates about the continuum robot is a topic
of active work. Recent approaches apply statistical methods
to estimate the robot’s tip-pose or shape using simplified
constant-curvature kinematic models [8], [12], [15]–[17] or
linear combinations of spatial basis functions (e.g., [6],
[10]). These approaches produce robust estimates of the
robot’s shape. However, they are incomplete in that they only
estimate the robot’s backbone pose (i.e., shape), which is a
subset of the robot’s full state. Parameters such as internal
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Fig. 1: Examples of continuum robots include (a) tendon-actuated
devices (a bronchoscope is shown here), (b) concentric-tube robots
[3], [4], (c), multi-backbone robots [2], and (d) pneumatic systems
[5]. A continuum robot can be observed by (e) electromagnetic
trackers that sense backbone pose [6], (f) fiber Bragg gratings
that sense curvature [7]–[9], and image-based methods such as (g)
magnetic resonance [11], (h) and ultrasound [12]–[14].

moment and strain, which could be used to estimate tip-loads
[17], [18], are left out of the estimate.

Selecting the robot design and sensors to satisfy the sens-
ing and manipulation needs of an application is a challenging
task. To make the process easier, systematic approaches
to designing continuum robots and sensing systems should
be formulated. This has been studied when the robot’s
manipulatability and workspace are in consideration [19]
and for selecting the placement of curvature sensors on
a robot’s body [20]. In [20], curvature-sensor (e.g., FBG
sensors) placements are chosen that minimize a metric based
on shape reconstruction error when linear combinations of
spatial functions are used to represent the robot’s shape.
Nonintuitively, they found that a non-uniform-spaced ar-
rangement of curvature sensors minimizes the worst-case
basis reconstruction error for concentric-tube robots.

Our contributions in this paper are three-fold. First, we
identify how a continuum robot’s complete-state kinematics
should direct the process of sensor selection and placement
through a requirement for state observability. This ensures
that the robot’s full states (e.g., strain, shape, etc.) will
be distinguishable from sensor measurements. Second, we
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Fig. 2: An illustration of the arc-length parameter s and state xs,
the boundary conditions and inputs (2), and sensor observations (3)
at arc-lengths s1, s2, and s3.

show that a differential formulation of a continuum robot’s
kinematics makes decades’ worth of research on statistical
estimation immediately applicable to the estimation of a
continuum robot’s full states. Third, we address the insepara-
ble relationship between sensing-system design (i.e., sensor
selection and placement) and state estimation, which leads
us to formulate sensing-system design as an optimization
problem that minimizes an application-specific metric using
the covariance of a statistical state estimator. The result is
a sensing system that enables the estimator to fully exploit
the robot’s kinematics and sensors to obtain the best state
estimates for an application in the presence of uncertainty.

The remainder of this paper is organized as follows: the
differential formulation of continuum robot kinematics is
reviewed in Sec. II and the inherent relationship between
kinematics and sensing is discussed in Sec. III. Sec. IV
shows how to estimate a continuum robot’s states using the
differential formulation of the robot kinematics and sensor
observations with uncertainty. Tools for designing sensing
systems using the state-estimator covariance are presented in
Sec. V and are applied to concentric-tube robots in Sec. VI
with experimental results. Sec. VII concludes this paper with
a discussion of future work.

II. CONTINUUM ROBOT KINEMATICS

We use a notation where scalars are denoted by lower-
case standard font (e.g., s), vectors are denoted by bold,
lower-case fonts (e.g., x), matrices are upper-case standard-
font (e.g., M ). For compactness, we use subscript notation
to denote function arguments. For example, if a vector is a
function of s, then it is written as xs.

The kinematics of a continuum robot describe the con-
tinuous spatial transition of the robot’s states xs along its
backbone, as function of arc-length distance s. The state-
curve xs of a continuum robot could include internal stress,
tendon displacement, and backbone pose, for example. Arc-
length is parameterized so that s = 0 and s = ` denote the
proximal and distal ends of the continuum robot, respectively.

The state-curve of a continuum robot can be represented
by the solution to a boundary-value model of the form

x′s = f (xs, s) , (1)

where ′ denotes differentiation with respect to arc-length s,
and with constraints and inputs of the form

b0(x0) = 0 b`(x`) = 0 u(x0) = 0 (2)

where b0 and b` define the stationary proximal and distal
boundary conditions, respectively, and u defines the poten-
tially time-varying input (e.g., proximal tendon displace-
ments of a tendon-actuated robot). Note that continuum
robots with kinematics represented by multi-point boundary
models (e.g., [1]) can be represented as two-point boundary
models of the form (1)-(2) via state augmentation [21].

The continuum robot’s sensing system measures the state-
curve using a collection of m sensors placed at arc-length
locations s1, . . . , sm, with observations of the form

ysi = hsi(xsi), (3)

III. CONNECTING SENSOR SELECTION, PLACEMENT,
AND KINEMATICS

The relationship between sensor selection, sensor place-
ment, and the continuum robot’s kinematics is found by
examining the mapping between perturbations in the robot’s
initial state x0 that satisfy the boundary constraints (2) and
perturbations in the sensor observations. If we define the vec-
tor b = [b0(x0)T b`(x`)

T]T, then the feasible perturbations
are those in the null-space of the matrix B = ∂b/∂x0. Let
the columns of the matrix N span the null-space of B.

The mapping of feasible initial-state perturbations around
a nominal initial state x0 to sensor-observation perturbations
is given by the observability matrix

O(x0) =

 Hs1Xs1N
...

HsmXsmN

 (4)

where Hsi = ∂hsi(x)/∂x and Xsi = ∂xsi/∂x0, which can
be found as the solution of the differential equation

X ′s = FsXs (5)

with the initial condition X0 = I and Fs = ∂f(xs, s)/∂xs.
The observability matrix describes the inherent observabil-
ity relationship between the measurements and constraints
through N , the kinematics of the continuum robot through
Xsi , and the sensors through the matrix Hsi .

Studying the rank of O(x0) answers whether or not the
chosen sensors, their placement, and the robot’s kinematic
structure enables the inference of the robot’s state-curve
from observation. If O(x0) is lower rank than N , then
some initial-state perturbations are undetectable from sensor
measurements, which precludes the inference of the state-
curve [22]. The goal of a designer is to choose the sensors
and their placements that make rank(O(x0)) = rank(N) so
that the state-curve can be inferred. A necessary condition
is that there be at least rank(N) observations. If there are a
sufficient number of measurements and observability is not
achieved, then the designer must exploit the robot’s kine-
matics by changing sensor positions (which changes Xsi )
and/or selecting different sensors (which changes Hsi ) to
ensure observability. If x0 varies, then observability should
be guaranteed over all possible initial states.

An example of an observability study was performed
by Xu and Simaan, where the mapping between measured
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backbone forces and an applied tip-wrench was examined
for multi-backbone continuum robots [2]. They found that
a single-segment three-backbone robot observes a 2-DoF
subspace of applied tip-wrenches. Formulating their robot
as (1)-(2), augmenting the state representation by the tip-
wrench, and studying the observability matrix would result
in the same conclusion, with the benefit that the effect of
adding other sensor observations could have been analyzed.

IV. STATISTICAL STATE ESTIMATION

We use the formulation of (1)-(2) because it is flexible
enough to represent simple models (e.g., constant-curvature)
or models with complicated state relationships (e.g., robot
shape vs. internal moments/strains). Most importantly, the
equations (1)-(2) are formulated in a way that makes
decades’ worth of estimation theory immediately applicable.

The continuum-robot kinematics can be updated to incor-
porate uncertainty in the form of Guassian beliefs with mean
m and covariance C, denoted by N (m, C), as

x′s = f (xs, s) + qs (6)

with uncertain constraints and inputs of the form

b0(x0) = w0 b`(x`) = w` u(x0) = v (7)

and the uncertain sensor observations are modeled as

ysi = hsi(xsi) + zsi , (8)

where qs ∼ N (0, Qs) represents process uncertainty and is
independent in arc-length. Boundary condition uncertainty
is accounted for by w0 ∼ N (0,W0) and w` ∼ N (0,W`),
which are independent. Uncertainty in the input is repre-
sented by v ∼ N (0, V ), and sensor uncertainty is accounted
for by zsi ∼ N (0, Zsi), which are mutually independent.

In general, the sensor covariances Zsi can be found
experimentally and are usually known a priori. Portions
of the initial boundary covariance W0 may be known in
advance, e.g., if they include uncertainty in an initial pose
registration with known statistics. Components of the bound-
ary covariances, W0 and W`, and the process covariance Qs
that are unknown can be estimated from experimental data
using the expectation-maximization method [23].

Statistical state estimation infers the continuum robot’s
state-curve given the model (6), uncertain inputs and con-
straints (7), and all noisy sensor observations on the robot’s
body. This estimate is the smoothed state-curve estimate, de-
noted by N (x̄s, P̄s) with expected value x̄s and covariance
P̄s, and can be approximated in a two-step procedure using
extended forms of the Kalman-Bucy filter and Rauch-Tung-
Striebel (RTS) smoother [22]. The observability requirement
of Sec. III guarantees the covariance P̄s is bounded when the
state estimate is sufficiently close to the true state [22].

1) The first step computes the posterior estimate at arc-
length s, denoted by N (x̃s, P̃s), which is the best belief
given the inputs, boundary conditions, and sensor measure-
ments obtained on the arc-length interval [0, s]. An approx-
imate posterior estimate is found by an extended Kalman-
Bucy filter, which propagates a prior estimate, denoted by

 (c) smoothed estimate

 (b) posterior estimate
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Fig. 3: An illustration of the information incorporated by an
extended Kalman-Bucy filter into the (a) prior estimate x̂s2 and the
(b) posterior estimate x̃s2 at arc-length location s2, by integrating
forward in arc-length. The (c) smoothed state x̂s2 is found by
an extended Rauch-Tung-Striebel smoother that uses the posterior
estimate and is integrated backward in arc-length.

N (x̂s, P̂s), down the robot and updates it to form the
posterior estimate. The prior estimate is the best belief given
the inputs, boundary conditions, and sensor measurements
obtained on the arc-length interval [0, s), and is found by
integrating the differential equations

x̂′s = f(x̂s, s) (9)

P̂ ′s = FsP̂s + P̂sF
T
s +Qs (10)

from s = 0 to s = `. The prior estimate is updated to form
the posterior estimate with a Kalman update at every sensor
arc-length location, of the form

Ŝsi = Ĥsi P̂siĤ
T
si + Zsi (11)

K̂si = P̂siĤ
T
si Ŝ
−1
si (12)

x̃si = x̂si + K̂si (ysi − hsi(x̂si)) (13)

P̃si = (I − K̂siĤsi)P̂si . (14)

If no sensor is present at arc-length s, then the prior and
posterior estimates are equivalent. The initial conditions x̂0

represent prior information that, for example, could be found
by solving (1)-(2). The initial state covariance is selected
to describe the belief about the uncertainty in x̂0 without
considering constraints and input uncertainty.

The inputs and boundary conditions (7) can be incor-
porated using the Kalman update equations (11)-(14). For
example, the distal boundary condition can be incorporated
as a Kalman update with Ĥsi , Zsi , and ysi replaced with the
matrix ∂b`/∂x`, W` and 0, respectively. Care must be taken
if the input, boundary value, or observation covariances are
extremely small to avoid numerical issues [22].

2) The second step results in the computation of the
smoothed estimate from the posterior estimate using an
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extended RTS smoother, which integrates the equations

x̄′s = f(x̃s, s) + (Fs +QsP̃
−1
s ) (x̄s − x̃s) (15)

P̄ ′s =
(
Fs +QsP̃

−1
s

)
P̄s + P̄s

(
Fs +QsP̃

−1
s

)T −Qs (16)

backward from arc-length ` to 0, with initial conditions
x̄` = x̃` and P̄` = P̃`. Whereas the posterior estimate is
spatially discontinuous due to Kalman updates, continuity of
the smoothed estimate is guaranteed [24].

Note that the state representation of many continuum
robots includes elements of SO(3), however, the Kalman
update (11)-(14) does not preserve the group constraints of
SO(3). Attitude estimation techniques can be employed with
the Kalman-Bucy filter to mitigate this issue [22].

The power of this approach as a general estimator is found
in what information the state representation contains about
the continuum robot. For example, if the state representation
includes backbone pose, then the proximal pose registers the
robot to its environment. In surgical settings, this registration
maps the robot to the human body and is typically found
using preoperative imaging which introduces uncertainty. In
this case, RTS-smoothing updates the proximal pose (i.e., the
initial registration) using sensor observations conditioned on
the robot’s kinematics, improving its accuracy. In [16], this
is done using a priori models of surgical-site stiffness.

Augmenting the state representation can be used to esti-
mate additional properties that may not be generally con-
sidered as states. For example, if the continuum-robot’s
state representation is augmented with parameters that are
constant in arc-length (e.g., stiffness, robot diameter, etc.),
then estimating the states using the RTS smoother results
in the simultaneous identification of the parameters [22].
In this case, the observability requirements described in
Sec. III ensure the identifiability of the parameters from
sensor observations. Other possibilities include estimation of
applied tip loads [17], [18].

V. STATE ESTIMATION AND SENSING-SYSTEM DESIGN

The smoothed covariance P̄s describes how certain the
smoothed estimate at arc-length s is expected to be; it is
an indication of estimate quality. The fundamental coupling
between state estimation and sensing-system design is that
sensor selection and placement affects the quality of the
smoothed estimates through the smoothed covariance. With
prior knowledge about the application, the sensing system
can be designed to produce the best estimates (i.e., smallest
covariances) in the backbone positions and directions that
matter most for the task at hand.

An advantage to estimating the continuum robot’s states
as described in Sec. IV, is that the covariance in both the
filtering and smoothing equations is never determined by
actual sensor measurements, only their covariances, which
we assume to be known in advance. This makes the smoothed
covariance fully known a priori and well-suited for off-line
design optimization. Once the sensors have been selected
to guarantee observability, we formulate the problem of
selecting sensor placements as a constrained optimization

problem that searches for the placements s = [s1, . . . , sm]T

that minimize a task-based real-valued metric U , which is a
function of the smoothed covariance at arc-length locations
γ1, . . . , γj , subject to placement constraints. The optimal
placement s∗ is given by

s∗ = argmin
s
U(P̄γ1 , . . . , P̄γk). (17)

subject to the placement constraint

c(s∗) ≤ 0 (18)

which could be used to avoid obstructing critical regions of
the robot’s mechanical structure with sensors.

The metric should be designed based on the application.
For example, if there are several arc-length points-of-interest
γ1, . . . , γj where the uncertainty of a continuum robot’s state
estimate is critical in specific directions (e.g., to ensure that
the position estimate in the direction of nearest obstacles is
highly certain), then a general-purpose metric of the form

U(P̄γ1 , . . . , P̄γk) =

j∑
i=1

tr(ET
i P̄γiEi) (19)

may be useful, where tr denotes the matrix trace, and Ei
is a positive-semidefinite matrix used to select the critical
directions of covariance, to selectively assign priority to
points-of-interest on the robot, or enforce unit-consistency.
Optimizing sensor placement using the trace-metric (19)
results in minimizing the total weighted sum of the average
estimate-variance at arc-length points-of-interest. Another
metric that might be useful is

U(P̄γ1 , . . . , P̄γk) = max
i=1...j

tr(ET
i P̄γiEi) (20)

which results in the minimization of the worst-case average
estimate-variance at arc-length locations γ1, . . . , γj . There
are numerous metrics that are applicable such as information-
based metrics that result in the optimization of Shannon
entropy, mutual information, etc.

In general, the optimization problem (17) can be lo-
cally solved using numerical gradient-descent methods. If
there are many local optima, then random-restarts may be
useful for approximate global minimization. Regardless of
the chosen covariance-based metric, the general derivative
Ȳs = ∂P̄s/∂σ, which relates changes in the position of a
sensor placed at arc-length σ to changes in the smoothed
covariance P̄s at arc-length s, is useful to study how sensor
placement affects the chosen metric. The derivative Ȳs can
be efficiently computed in a two-step procedure:

1) The first step is the computation of the posterior co-
variance derivative Ỹs = ∂P̃s/∂σ that relates changes in the
sensor position σ to changes in P̃s. The posterior derivative
is computed as the solution to the matrix differential equation
governing the propagation of the prior covariance derivative
Ŷs = ∂P̂s/∂σ, which is given by

Ŷ ′s = FsŶs + ŶsF
T
s , (21)
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which is integrated from arc-length σ to ` with the initial
prior covariance derivative found as

Ŷσ = Dσ

(
FσP̂σ + P̂σF

T
σ +Qσ

)
DT
σ

−
(
FσP̂σDσ +DσP̂σF

T
σ +Qσ

)
(22)

where Dσ = I − K̂σĤσ , and Ĥσ and K̂σ are as described
in Secs. III and IV, respectively. Note that Ŷs = 0 for s < σ
because the prior covariance is integrated forward (i.e., with
increasing s) and changes in the sensor position si can only
affect the prior covariance for s ≥ σ.

At every other sensor position si for σ ≤ si, input,
or boundary condition, the prior derivative matrix Ŷsi is
updated to form the posterior derivative as

Ỹsi = Dsi ŶsiD
T
si . (23)

Note that if a stationary sensor and the sensor whose position
is being perturbed coincide at the same arc-length location,
then Dsi is constructed using the stationary sensor.

2) The second step results in the computation of the
smoothed covariance derivative using the RTS smoothing
equations, and is the solution to the differential equation

Ȳ ′s = (Fs +QsP̃
−1
s )Ȳs + Ȳs(Fs +QsP̃

−1
s )T

+QsP̃
−1
s ỸsP̃

−1
s P̄s + P̄sP̃

−1
s ỸsP̃

−1
s Qs, (24)

which is integrated from arc-lengths ` to 0 with Ȳ` = Ỹ`.
If there are a large number of sensor observations to be

positioned (e.g., a set of CT-observable fiducial markers) on
the robot or there is little time for optimization (e.g., selecting
the next slice location of an MRI during an operation), then
an optimizer could make the most efficient use of time by
first optimizing the placement of sensors that have the most
influence on the smoothed covariance. The influence of a
sensor positioned at arc-length σ on the smoothed covariance
is given by the computed derivative Ȳs, which can be
diminished by other sensors on the robot (decreasing P̂σ in
(22) and further through (23)) or by large observation noise
when the sensor covariance Zσ is large compared to P̂σ .
Therefore, the biggest improvement comes from optimizing
the placement of sensors with the lowest observation noise,
or the placement of sensors positioned where other sensors
have little influence on the smoothed covariance.

VI. CASE STUDY: CONCENTRIC-TUBE ROBOTS

As a case study, we applied the methods presented herein
to a concentric-tube robot by first demonstrating estimation
and then by designing a sensing system for a hypothetical
task requiring the robot to deploy through a narrow channel.

Concentric-tube robots consist of nested, pre-curved, elas-
tic tubes that are actuated by translating and rotating the
tubes relative to each other. The states of an unloaded
concentric-tube robot are the twist angles of the tubes ψs and
their rate-of-change ψ′s, the arc-length positions of the tube
σs relative to the tubes’ proximal ends, and the backbone
position ps and orientation Rs. The states are governed by

(a) Concentric-tube
Robot

(b) Actuation
Unit

(e) CMM

(c) Magnetic
Tracker(d) Sensor

Coils

Fig. 4: The experimental setup consists of a three-tube concentric-
tube robot (a), controlled with a 6-DoF actuation unit (b), and
with a electromagnetic sensing-system (c) that tracks two sensors
(d) imbedded in the robot’s inner tube. A coordinate measuring
machine (CMM) obtains ground-truth robot tip-positions (e).

TABLE I: Parameters of the concentric tube robot.

Outer Tube Middle Tube Inner Tube
Outer Diameter (mm) 2.54 1.92 1.27
Inside Diameter (mm) 2.25 1.57 1.07

Rad. of Curvature (mm) 540 275 275
Curved Length (mm) 100 199 180
Straight Length (mm) 175 217 435

the differential equation

iψ′′s = −uT
s
iKs

(
∂R(iψs)

)
iu∗s (25)

iσ′s = 1 (26)
p′s = Rsz (27)
R′s = RsS(us) (28)

where us is the frame-curvature, the stiffnesses of tube i are
in iKs, the matrix ∂R(iψs) = ∂R(iψs)/∂

iψs where R(iψs) is
the z-axis rotation matrix, iu∗s is the tube precurvature, and
S(us) is the skew-symmetric cross-product matrix. Further
details on this model can be found in [3] and [4].

The inputs and boundary conditions are

ψ0 = α σ0 = γ, p0 = 0, R0 = I, ψ′` = 0 (29)

where α and γ are the actuation-unit rotation angles and
translations, respectively. We assume that when a tube is not
physically present at an arc-length, it has infinite torsional
stiffness and zero bending stiffness.

We used a three-tube concentric-tube robot (shown in
Fig. 4(a) with parameters described in Table I) for experi-
ments. Our sensing system consists of encoder measurements
generated by the six axes within the actuation unit (Fig. 4(b)),
observations of the robot’s backbone position using an NDI
Aurora electromagnetic tracking system (Fig. 4(c)) that mea-
sures the position of 0.5-mm-diameter sensing-coils placed
in the inner tube of the robot (at 4 mm and 102 mm from
the tip) and a FARO Gage coordinate measuring machine
(Fig. 4(d)) used to measure the ground-truth tip-position.
We numerically found that the six encoder measurements
and the measured proximal registration guarantee full-rank
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TABLE II: State, process, and sensor covariance matrices.

Covariance Units Covariance Units
ψ0 0.08I rad2 R0 0 N/A
ψ′0 0.01I rad2/m2 ψ′` 1× 10−9I rad2/m2

σ0 0 m2 Qs 0.1I (ψ′s only) rad2/m3

p0 5.0× 10−5I m2 ysi 1.0× 10−4I m2

with sensors

w/out sensors

with sensors

w/out sensors

(a)

(b)
= position sensor

Fig. 5: Two example configurations of the concentric-tube robot
with the position-state estimate that incorporates magnetic position
sensors compared with the position-state estimate without magnetic
position sensors and the actual shape of the robot. For configuration
(a), the tip-position errors were 7.3mm and 16.0mm for the
estimate with and without sensor information, respectively. For (b),
the tip-position errors were 4.1mm and 9.2mm for the estimate
with and without sensor information, respectively.

observability as discussed in Sec. III, under the zero-tip-
moment assumption (ψ′` = 0) imposed by (29).

The additional information provided by the magnetic
trackers improves the smoothed state estimate. We experi-
mentally demonstrate their benefit by placing the concentric-
tube robot in four configurations and comparing the error
in tip-position provided by the smoothed estimate with
the magnetic-tracker information to the smoothed estimate
without tracker information. The state, process, and sensor
covariance matrices used to compute the smoothed estimate
are shown in Table II (note that the covariance of the initial
relative tube translations σ0 and the initial body orientation
R0 are assumed to be 0 for simplicity). Table III shows
that incorporating the magnetic tracker information markedly
improves the accuracy of the smoothed estimate by reducing
the tip-position and sensor-position error for four typical
configurations used in our experiments. The tip-position
error is the error between the estimated tip position and the
actual tip position measured using the CMM. The sensor-
position error is computed as the average error between the
two magnetic tracker measurements and the corresponding
positions on the smoothed estimates, i.e., ‖ysi − p̄si‖.

If the robot is deployed through a channel, then the max-
trace metric (20) is a heuristic that reduces the chance of
collision by decreasing the worst-case average covariance at
a variety of points on the robot’s body. The best arrange-
ment of sensors for this task is one that most reduces the
worst-case. As an example, we apply the max-trace metric
that minimizes the worst-case position covariance at ten
equally weighted, points-of-interest on the concentric-tube
robot (Fig. 6(a)). The optimal arrangement for one- to five-

TABLE III: Tip-position and sensor-position error of the smoothed
estimate with and without magnetic sensor information (n = 4).

Tip-Position Error Sensor-Position Error
with without with without

mean (mm) 8.8 14.5 5.5 11.2
std. dev. (mm) 4.3 10.7 1.1 5.0
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10

(a) Max-trace metric with 10 points-of-interest

(b) Optimal placements for 1-5, and 10 position sensors

Fig. 6: (a) We apply the max-trace metric (20) that minimizes
the worst-case average position-variance at ten uniformly spaced
points-of-interest. (b) The optimal placements for sensors that
observe the concentric-tube robot’s backbone position and that min-
imize the max-trace metric. The concentric-tube robot is that shown
in Fig. 4(a) and placed in the configuration shown in Fig. 5(b).

and ten-count sensor systems that minimize the max-trace
metric, found using fmincon (MATLAB, Mathworks, Inc.)
with twenty random-restarts, are shown in Fig. 6(b).

Note that the placements for the ten-count sensor system
do not fall exactly on the ten points-of-interest (Fig. 6(a)).
Since the points-of-interest are equally weighted in the met-
ric, this indicates that the concentric-tube robot’s kinematic
properties, or the geometry of the robot in this configuration,
are inherently weighting the points-of-interest unequally,
which is exploited by the optimal sensor arrangement.

The values of the max-trace metric for each arrangement
in Fig. 6 are plotted in Fig. 7(a) as a function of the number
of position sensors. There is diminishing improvement as
more sensors are added to the robot’s body. A designer must
balance the cost of adding more sensor observations as the
benefit of each additional sensor decreases. The cost could be
the amount of available space for sensors designed into the
robot’s body (e.g., magnetic-tracker coils), time required to
obtain observations (e.g., MRI-based or CT-based imaging),
or the financial cost of the sensors themselves.

A logical choice for the placement of position sensors is
to uniformly distribute them on the robot’s body. Fig. 7(b)
shows the percent-improvement in the max-trace metric for
the optimal placement over uniform placement. For one, two
and three sensors, the improvement is small (though non-
zero) since the sensor placements in the uniform arrangement
are near the optimal placements. For larger numbers, the
optimal arrangements tend to cluster the observations at the
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Fig. 7: (a) The value of the max-trace sensor-placement metric (20)
for the optimal arrangements shown in Fig. 6 plotted as a function
of the number of position sensors. (b) The improvement of the
optimal sensor arrangements shown in Fig. 6 over an arrangement
where the sensors are uniformly distributed on the robot’s body.

proximal and distal ends of the robot and are far from
uniform. This results in a substantially larger improvement
over the uniform configuration (47% for 10 observations).
Note that even though Fig. 7(a) shows a diminishing return
as the number of sensors increases, Fig. 7(b) shows that the
greatest improvement from optimization is when there are
many observations. In this case, a uniform arrangement is far
from optimal. To put this into perspective, we find that for the
10-count sensing system, it takes 28 additional uniformly-
spaced observations to get the same 47% improvement in
the design metric achieved by performing optimization.

VII. CONCLUSION & FUTURE WORK

In this paper, we studied the problems of deciding what
sensors to use, where they should be placed, and how best
to use the information they provide, that continuum-robot
researchers face when designing robots for applications that
require sensing. We demonstrated how a differential formu-
lation of a continuum robot’s kinematics enables decades’
worth of statistical estimation theory to become immediately
applicable to the estimation of a continuum robot’s states
in the presences of uncertainty. We discuss the coupling
between state estimation and sensing-system design, which
we use to formulate the sensing-system design problem as
an optimization problem, directed by the results of statistical
state estimation. The result is a sensing system that best
exploits the available sensors and the robot’s kinematics to
provide the best state estimates for the application.

In this paper, we perform state estimation in arc-length
along the continuum robot’s backbone. In the future, we will
simultaneously perform estimation in arc-length and time to
produce full spatiotemporal state estimates in the presence
of kinematic and motion uncertainty. This will enable the
use of the same methods for sensor selection and placement
presented herein, but the design optimization will be able to
exploit both the robot’s kinematics and a priori knowledge
of the trajectories that a robot may follow for an application.
We also plan to apply our methods to sensing-systems whose
sensor-to-arc-length correspondences are uncertain, which
applies to image-based methods without fiducial markers.
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