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1 Introduction
Continuum robot systems have been created for use in a large variety of practical applications, including underwater manipulation, nuclear reactor repair, sanding, spray painting, and medical applications [9, 47]. A variety of continuum-robot
devices exist, include multi-backbone devices [48], tendons routed around a backbone [30], concentrically-nested elastic tubes [12, 31], pneumatic actuators [18],
shape-memory-based designs [1, 33], and combinations thereof. Some of these are
illustrated in Fig. 1a–d. Each type of continuum robot presents a variety of physical design parameters, including diameter, segment number and length, material
properties, and actuation systems, among others [47].
The typical process for designing and using a continuum robot in a new application
typically involves three discrete steps that are addressed serially. First, one designs
the physical robot to be suitable for the task, i.e. able to reach the desired workspace,
carry the desired payload, etc. Attention is then turned toward sensing. Sensors are
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Continuum Devices

selected, which may be integrated into the robot, or located off-board. Lastly, given
the physical robot, the motion of the robot is planned to accomplish the desired task.
In what follows, we briefly discuss the state-of-the-art in these areas and describe
the coupling between design, sensing, and planning.
Research on physical robot design has focused largely on developing general
purpose manipulators of various types [16, 47]. Intense design effort has been focused
on a wide variety of medical applications, which has resulted in many new physical
continuum robot structures [9], including concentric precurved tubes [13], which will
be used as an example later in this paper. Computational design algorithms are also
increasingly being used in the design of concentric-tube robots [4, 8, 40], and similar
techniques could be applicable to task-specific design of other types of continuum
robot.
Selecting and integrating sensors in continuum robots can be challenging. Often,
most of the continuum robot’s volume is reserved for actuation, and little room is left
for sensing – particularly in the small diameter designs used in medical applications.
Many sensing methods have been developed that measure the pose at a discrete
points on the continuum robot’s backbone such as electromagnetic trackers [17],
mechanical strain of the backbone such as the fiber Bragg gratings [29, 32], and the
internal moments of a continuum robot’s backbone [49]. To keep the continuum-robot
diameter small, these sensors are integrated into the robot’s mechanical structure
when possible. Vision-based methods are also possible and X-ray/CT-imaging [21],
ultrasound approaches [19, 23], and optical cameras [5, 15] have been applied.
Some of the above sensing systems, which can be used to detect the shape/states of
a continuum robot, are illustrated in Fig. 1f–i.

(a)

(c)

(g) (h)

(d) (e)

(i)

Sensing Systems

(f)

(b)

Fig. 1 Continuum robots include devices such as a tendon-actuated endoscopes, b concentric-tube
robots, c pushrod-actuated devices, e.g., [48], d pneumatic robots, e.g., [18], e and some compliant
graspers may also fall under this classification, such as that of [24]. Some approaches to sensing the
state of continuum robots include a magnetic tracking such as the NDI Aurora system, g–h X-ray
or CT imaging such as [19], and i three-dimensional (3D) ultrasound, e.g., [37]
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Planning the motion of a continuum robot can enable the robot to automatically
reach a specified target while avoiding obstacles in the environment. Motion planning for continuum robots such as concentric-tube robots is challenging because,
compared to traditional multi-link manipulators, their kinematics are typically more
expensive to evaluate and their motion is subject to substantial uncertainty. Motion
planning algorithms for concentric-tube robots include fast motion planning by
assuming simplified kinematics [22, 43], noninteractive motion planning using accurate kinematic models [39], interactive-rate motion planning using accurate kinematic modeling via precomputation [41], and motion planners that explicitly consider uncertainty in motion and sensing [36]. Motion planners can also assist in the
context of teleoperation, where a fast, real-time motion planner can automatically
move the robot’s end-effector in response to user commands in a manner that ensures
the entire curvilinear shaft avoids obstacles [42].
Recent research in continuum robotics is showing that there are advantages to
solving sensing-and-planning problems and design-and-sensing problems simultaneously. In the case of motion planning for continuum robots, for example, effective
obstacle avoidance requires accurate estimation of the shape of the robot, and simultaneously planning the motion of the robot and the placement of moveable sensors
has the potential to improve task success rates [44]. Motion planning can also help
inform the design of concentric-tube robots, e.g., by identifying stable configurations
[3] and in optimizing the design of concentric tubes [2, 40].
In this paper argue that design, sensing, and planning are fundamentally coupled
problems for continuum robots, and that the interaction between these three problems
can be understood through the application of statistical state estimation.

2 Kinematics of a Continuum Robot
We use a notation where scalars are denoted by lower-case standard font (e.g., s),
vectors are denoted by bold, lower-case fonts (e.g., x), matrices are upper-case
standard-font (e.g., M). For compactness, we use subscript notation to denote function arguments. For example, if a vector is a function of s, then it is written as x s .
The kinematics of a continuum robot describe both the continuous spatial transition of the states of the robot’s backbone, parameterized by the distance s along the
robot’s backbone, as well as the continuous temporal transition of the states as an
input varies in time. For this present work, we only consider the spatial kinematics
that govern how the states x s , parameterized by arc-length distance s, vary along the
robot’s backbone. We assume that the arc-length distance s falls in the range [0, ],
where s = 0 denotes the proximal end of the continuum robot (i.e., the base) and
s =  denotes the distal end (i.e., the tip). The state of a continuum robot can include,
for example, internal torsional moments and pose of the backbone in S E(3), all of
which vary continuously along the length of the backbone with the parameter s. The
backbone may be a physical structure as is the case for concentric-tube robots, and
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some tendon actuated continuum robots, or the backbone could be a theoretical curve
used as a reference location with respect to the robot’s body.
If the continuum robot is in equilibrium (i.e., quasi static), then the spatial kinematics of a continuum robot can be described by the two-point boundary-value
differential equation in arc-length s along the the robot’s body:
x s = f (x s , s) ,

(1)

where  is an arc-length differentive, and with constraints and inputs of the form
b0 (x 0 ) = 0

b (x  ) = 0

u(x 0 ) = 0

(2)

where b0 and b define the stationary proximal and distal boundary conditions,
respectively, and u defines the system input. The proximal boundary condition can
constrain properties such as the proximal pose in S E(3) of a continuum robot’s
body. The distal boundary conditions can constrain properties such as the torsional
moment of a concentric-tube robot’s tubes, and the net force and moment applied to
the end-effector platform of a parallel continuum manipulator by its rod-actuators
[7]. The input function u(x 0 ) operates on the proximal state and can define the proximal tendon displacement of a tendon-actuated device or the proximal twist angles
of the tubes comprising a concentric-tube robot.
In this paper, we use concentric-tube robots as examples. Concentric-tube robots,
shown in Fig. 1b, consist of precurved, elastic tubes that move in a tentacle-like
fashion when the tubes are rotated and translated relative to each other. The states
of an unloaded concentric-tube robot are the tubes’ twist angles ψ s , their arc-length
rates-of-change ψ s , the arc-length position of each tube σ s relative to the tubes’
proximal ends, and backbone position ps and orientation Rs .
The kinematics of an n-tube concentric-tube robot is governed by


ψs = −uTs i K s ∂ R(iψs ) iu∗s

i

i 
σs
ps
Rs

(3a)

=1
= Rs z

(3b)
(3c)

= Rs S(us )

(3d)

where us is the frame curvature, the bending and torsional stiffnesses of tube i are
packed in the diagonal matrix i K s , the matrix ∂ R(iψs ) = ∂ R(iψs )/∂ iψs where R(iψs )
is the standard z-axis rotation matrix by the angle iψs , iu∗s is the tube precurvature,
and S(us ) is the skew-symmetric matrix representing the cross-product operation.
Further details can be found in [12, 31].
The proximal boundary conditions are
p0 = 0,
and the distal boundary condition is

R0 − I = 0,

(4)
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(5)

assuming that when a tube is not physically present at an arc-length, it has infinite
torsional stiffness and zero bending stiffness. The inputs are
ψ 0 − α = 0, σ 0 − γ = 0,

(6)

where α and γ are the tubes’ actuator rotation angles and translations, respectively.

3 State Estimation for Continuum Robots
In this paper, we argue that design, sensing, and planning are fundamentally coupled
problems for continuum robots, and that statistical state estimation can be used to
understand the interaction between these three problems. The goal of statistical state
estimation is to infer a continuum robot’s state that is most likely given the prior
model (1)–(2) and sensor observations, in the presence of uncertainty in the process,
observations, and boundary constraints. We assume that beliefs can be modeled with
Gaussian distributions, denoted with N (x, Σ), having mean x and covariance Σ.
Uncertainty in the spatial kinematics of a continuum robot is modeled using a
spatial stochastic process given by
x s = f (x s , s) + q s

(7)

with uncertain constraints and inputs of the form
b0 (x 0 ) = w0

b (x  ) = w

u(x 0 ) = v

(8)

where q s ∼ N (0, Q s ) represents uncertainty in the process and is independent
in arc-length. Uncertainty in the boundary conditions is accounted for by w0 ∼
N (0, W0 ) and w ∼ N (0, W ), which are independent. Uncertainty in the input
is represented by v ∼ N (0, V ). Uncertainty in the proximal boundary condition
could model uncertainty in the proximal pose of a continuum robot. Uncertainty in
the distal boundary condition could model uncertainty in the distal torsional moment
for a concentric-tube robot, which is ideally moment-free without applied loading.
We denote a set of time-invariant observation functions hs1 , . . . , hsm to be defined
at discrete arc-lengths s1 , . . . , sm as
ysi = hsi (x si ) + z si ,

(9)

where i indicates the i th observation and i = 1, . . . , m. Note that we do not assume
the measurements are evenly spaced or that the dimension of each measurement is
the same (i.e., the measurements can be gathered by a heterogeneous collection of
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sensors placed arbitrarily along the length of the continuum robot). The observations
are subject to additive noise z si ∼ N (0, Z si ), and are mutually uncorrelated.

3.1 Spatial Statistical Estimation
Statistical estimation infers the continuum robot’s state-curve given the model (7),
uncertain inputs and constraints (8), and all noisy sensor observations on the robot’s
body. Estimation requires that the states be observable from sensor measurements
[34]. The best estimate is the smoothed estimate, denoted by N ( x̄ s , P̄s ) with
expected value x̄ s and covariance P̄s , and can be approximated in a two-step procedure:
(1) The first step recursively computes the posterior estimate at any arc-length s,
denoted by N ( x̃ s , P̃s ), which incorporates the sensor observations in the arc-length
interval [0, s], the proximal boundary constraints b0 , and the inputs u. The posterior estimate is found using an extended Kalman filter that has become ubiquitous
throughout robotics [38], and is obtained by continuously propagating a prior state
estimate, denoted by N ( x̂ s , P̂s ), down the length of the robot’s backbone using the
extended Kalman-Bucy equations, and updating it at measurement locations si to
form the posterior estimate. The prior state estimate is the belief given all sensor
measurements obtained in the arc-length interval [0, s). If no sensor measurement is
present at s, then the prior and posterior estimates are the same.
The prior estimate is propagated by piecewise-integrating the equations


x̂ s = f ( x̂ s , s)
P̂s

= Fs P̂s +

P̂s FsT

(10)
+ Qs

(11)

from s = 0 to  in the intervals [0, s1 ], [si−1 , si ], . . . , [sm , ]. The initial conditions,
x̂ 0 and P̂0 , represent prior information that could be found by solving (1)–(2).
The prior estimate is updated to form the posterior estimate with a Kalman update
at every sensor observation at arc-lengths s1 · · · sm , of the form
Ŝsi = Ĥsi P̂si ĤsTi + Z si
K̂ si =

P̂si ĤsTi Ŝs−1
i



x̃ si = x̂ si + K̂ si ysi − hsi ( x̂ si )
P̃si = (I − K̂ si Ĥsi ) P̂si .

(12)


(13)
(14)
(15)

The inputs and boundary conditions (8) can be incorporated using the Kalman
update Eqs. (12)–(15). For example, the distal boundary condition can be incorporated as a Kalman update with Ĥsi , Z si , and ysi replaced with the matrix ∂ b /∂ x  ,
W and 0, respectively. In theory, the incorporation of constraints in this way also
works if there is no uncertainty in the constraints (i.e., the constraint covariances,
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W0 or W , are not invertible). Care must be taken in this case since numerical issues
while integrating (11) may result in eigenvalues of the estimate covariance becoming
negative, making the covariance no longer positive-definite. In this case, square-root
formulations of the filtering equations can be used to increase precision and ensure
that the positive semidefinite-ness is preserved [10].
(2) The posterior estimate is then used by the second step, which computes the
state estimate at arc-length s that incorporates all sensor observations everywhere
on the robot, the proximal and distal boundary constraints, and the inputs using an
extended form of a Kalman smoother. Smoothing is frequently used as a method for
batch post-process analysis, after all data has been gathered, to determine the best
state estimates of the past given all gathered knowledge [34].
The smoothed estimate can be computed from the posterior estimate by propagating the Rauch-Tung-Striebel (RTS) differential equations
x̄ s = f ( x̄ s , s) + Q s P̃s−1 ( x̄ s − x̃ s )


T

P̄s = Fs + Q s P̃s−1 P̄s + P̄s Fs + Q s P̃s−1 − Q s

(16)
(17)

backward from arc-length  to 0, with initial conditions x̄  = x̃  and P̄ = P̃ .

3.2 Experimental Results
We applied the methods presented herein to a three-tube concentric-tube robot,
modeled by Eqs. (3)–(6), and shown in Fig. 2i. The sensing system incorporates

(a)

Top

(b)

Left

w/out sensors

Fig. 2 a The experimental setup consists of a three-tube concentric-tube robot (i), controlled with a
6-DoF motorized actuation unit (ii), and with a electromagnetic sensing-system (iii) that tracks two
sensor coils (iv) embedded in the robot’s inner tube. A coordinate measuring machine (CMM) is
used to obtain ground-truth measurements of the robot-tip position (v). b An example configuration
of the concentric-tube robot with the shape (position) estimate, that incorporates magnetic position
sensors, is shown with the shape estimate without magnetic position-sensors along with the actual
shape of the robot. For the configuration shown, the tip-position errors were 7.3 and 16.0 mm for
the estimate with and without sensor information, respectively
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information from the six encoders of the actuation unit (Fig. 2ii) and an NDI Aurora
electromagnetic-tracking system (Fig. 2iii) that measures the position of two sensingcoils placed in the concentric-tube robot as shown in Fig. 2iv. A FARO Gage coordinate measuring machine (Fig. 2v) was used to measure registration transformation
between the robot and electromagnetic tracker as well as for obtaining ground-truth
tip-position used in the experiments. We found that the six encoder measurements
and the measured registration are sufficient to guarantee observability as discussed
in Sect. 3.1, under the zero-tip-moment assumption (ψ  = 0).
The magnetic-tracker measurements add additional information that improves
the state estimate under modeling uncertainty. We experimentally demonstrate their
benefit by placing the concentric-tube robot in four configurations and comparing
the error in tip-position provided by the smoothed estimate with the magnetic-tracker
information to the smoothed estimate without tracker information. The tip-position
error was measured using the CMM. On average, the accuracy of the smoothed
estimate with and without tracker information was 8.8 and 14.5 mm, respectively.
Figure 2b shows the shape estimate with and without the magnetic-tracking sensors
for one of the four configurations used in our experiments.
The smoothed estimate for the states of the three-tube concentric-tube robot is
implemented with the initial covariance of the tube-twist angles ψ 0 set to 0.08I rad2 ,
where I is a 3 × 3 identity matrix, the initial proximal covariance of the tube-twistangle rates-of-change ψ 0 are set to 0.01I (rad/m)2 , the initial proximal covariance
of the backbone position p0 are set to 5 × 10−5 I m2 . The covariances of the initial
proximal backbone orientation (represented as a quaternion) and the concentric-tube
translations σ 0 are assumed to be zero. These initial covariances are found using
estimates of calibration accuracy and are used as the initial values for the statecovariance in the computation of the posterior state-estimate obtained by integrating
the Kalman-Bucy filter equations, (10) and(11). The position covariance of the magnetic tracker is experimentally found to be 1 × 10−6 I m2 , which is used in the Kalman
update step (12)–(15) for the posterior state-estimate.

4 Connections Between Estimation and Design, Sensing,
and Planning
4.1 Connections Between Mechanical Design and Estimation
When the application requires the continuum robot to be sensed, the mechanical
design of the robot plays an important role in estimation through the kinematic
model (1)–(2), which is used in the Kalman-Bucy filter to condition the uncertain
sensor observations. The mechanical design affects the quality of the state estimate (i.e., the covariance), through the linearized-kinematics state matrix Fs , which
appears in differential equations (11) and (17) that govern the propagation of the prior
and smoothed covariances along the length of the continuum robot. The physicall
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Fig. 3 The effect of changing a concentric-tube robot’s inner-tube curvature on the smoothed stateestimate position variance in the x direction (out of the page) is shown (the variance in the y and
z are largely unchanged). The smoothed estimate is found using the methods in Sect. 3.1 with two
backbone-position sensors arranged on the robot as depicted. The covariances used by the smoothed
estimator are for the physical robot reported in Sect. 3.2

properties of the robot that affect the matrix Fs could be, in the case of a tendonactuated robot with a backbone, the robot’s backbone stiffness or the distance of
routed tendons to the backbone. In the case of a concentric-tube robot, physical properties can also include tube precurvatures and tube stiffnesses. The physica properties
could vary along the length of the robot. For example, one or more flexure-hinges
along the backbone (e.g., [50]) would locally decrease its stiffness.
As an example of how a continuum robot’s mechanical design could affect state
estimation, we study how changing the curvature of a concentric-tube robot’s innermost tube changes the variance of the smoothed position estimate. We use two position sensors placed as shown in Fig. 3, with the methods of Sect. 3.1, using the robot
and covariance parameters reported in Sect. 3.2. We now explore the effect on the
covariance of changing the inner-tube’s radius of curvature from 100 to 33.3 mm.
The x-variance (out of the page) of the smoothed position estimate for each radius
is shown in Fig. 3 (the variance in the y and z directions is largely unchanged), plotted as a function of backbone arc-length s. As indicated, the x variance increases
between the two sensors (i.e., between arc-lengths at 250 and 350 mm) as the curvature increases. In this region, the robot’s backbone position is most sensitive to
rotation of the inner tube, which causes uncertainty in the inner-tube’s rotation to
manifest itself more in the backbone uncertainty, particularly in the x direction.
A nonintuitive effect occurs for proximal arc-lengths between 0 mm and approximately 150 mm. In this region, higher inner-tube curvature tends to reduce the x
backbone-position variance. This could be an effect resulting from the geometry of
the concentric-tube robot’s proximal end and the sensor placements on the robot’s
backbone. Naturally, it would be difficult to maneuver a robot through a narrow
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passageway in this configuration. In order to make the most of this effect, the robot’s
curvature should be designed in coordination with a motion planner in order to
account for constraints imposed by the robot’s environment.

4.2 Connections Between Sensor Selection, Sensor
Placement, and Estimation
The question of what sensors should be chosen and their placement, is a frequent
concern of continuum robot designers. Often there are space limitations due to the
requirement that the diameter be small (e.g., to navigate through blood vessels)
and there is little room left over once actuators have been installed. Therefore, it
is desirable to obtain as much state information as possible, with as few sensors as
possible.
The kinematic structure of the continuum robot, the robot’s configuration, and
the states that the sensors observe all contribute to the amount of state information
obtained by the sensors. An example is shown for a concentric-tube robot in Fig. 4,
where the smoothed state covariance in the x direction is shown for two arrangements
of sensors. The covariance in the other two directions are largely unchanged. The
covariances used by the smoothed estimator to obtain the results of Fig. 4 are for the
physical robot reported in Sect. 3.2. Clearly, sensor placement has a large influence on
the covariance of the smoothed backbone-position estimate. If an application requires
the position estimate to be more accurate in the arc-length region (150, 300) mm,
then placement “1” would be preferred over placement “2”.
The variation in the smoothed covariance with variation in sensor placement can
be exploited by the designer to best meet the needs of the application. The first task

(a)
2.5

Smoothed State-estimate Variance

2

2

1

1.5
1

1

0.5
0

(b)

2
y

0

50

100

150

200

250

z

300

Arc-length s (mm)

Fig. 4 The effect of changing sensor-observation placement is illustrated in this example where
the smoothed state-estimate covariance in the x direction is shown (a) for two sensor arrangements
(b). In 1 the one sensor is placed in the middle of the robot and one at the distal end, while in 2
one sensor is placed at the most proximal and most distal ends of the robot. The position-estimate
covariance in the other two directions is largely unchanged. The covariances used by the smoothed
estimator are for the physical robot reported in Sect. 3.2
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is to select the appropriate sensors and sensor locations to achieve application specifications when states are estimated as described in Sect. 3.1. For many applications,
partial state information may be sufficient. In others, accuracy requirements may vary
by direction or arc-length. Based on such specifications, the methods in this paper
enable one to determine how many sensors are required (e.g., to ensure observability
described in Sect. 3.1).
One way to encode the requirements of the application is through a covariancebased metric, over which optimization in the sensor positions can be performed. If
there are several arc-length points-of-interest γ1 , . . . , γ j where the uncertainty of a
continuum robot’s state estimate is critical in specific directions (e.g., to ensure that
the position estimate in the direction of nearest obstacles is highly certain), then an
example of a metric on the smoothed covariance at the points-of-interest could be
U ( P̄γ1 , . . . , P̄γk ) = max tr(E iT P̄γi E i )
i=1... j

(18)

where tr denotes the matrix trace, and E i is a positive-semidefinite matrix used to
select the critical directions of covariance, to selectively assign priority to arc-length
the points-of-interest on the robot, or enforce unit-consistency. This metric minimizes
the worst-case average estimate-variance at the arc-length points-of-interest.

4.3 Connections Between Motion Planning and Estimation
A major benefit of continuum robots is that they have the potential to snake through
constrained spaces. The basic motion planning problem is to find a time-ordered
sequence of continuum-robot inputs u1 (x 0 ), . . . , uk (x 0 ), for time indices 1 · · · k,
that guide the robot through the constrained space without colliding with obstacles
in the environment. Motion planning is particularly relevant to surgical applications
of continuum robots, where physicians desire to reach a surgical target while avoiding
anatomical obstacles (e.g., bones, blood vessels, and sensitive organs) or danger zones
established by the physician that correspond to high risk areas.
To avoid obstacles, motion planners must have knowledge over time of the robot’s
state, which for continuum robots includes the robot’s shape (e.g., position-curve
parameterized by arc-length s). In practice, there is often substantial uncertainty in
the estimate of the robot’s shape, and the motion planner must account for the shape
uncertainty to guarantee that obstacles will be avoided with a desired level of confidence. To address this challenge, rather than following the traditional workflow of
computing a motion plan assuming perfect state estimation and then relying on a realtime controller to account for uncertainty, recent work has investigated integrating
motion planning with control to compute motion policies, which are parameterized
by time and sensor measurements. Combining motion planning, control, and state
estimation into a single problem can result in higher quality plans. General motion
planning methods linking these problems have been developed for robots for which
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Fig. 5 The effect of changing the input u(x 0 ) to follow a hypothetical trajectory from a start to
goal configuration that could have been generated as an obstacle-avoiding trajectory by a motion
planner. The variance in the x-direction of the concentric-tube robot’s position-covariance is shown
at both configurations. (The position-variance in the other directions are largely unchanged.) The
covariances used by the smoothed estimator are for the physical robot reported in Sect. 3.2

state uncertainty can be modeled using Gaussian distributions in the state space.
These belief-space planners, e.g., [6, 11, 20, 25–28, 45, 46], often use a samplingbased or optimization-based motion planner integrated with an automatically-tuned
linear controller, and variants have been specifically applied to medical robots such as
steerable needles and concentric-tube robots based on simplified uncertainty models
[35, 36, 44]. Better models of the belief space of continuum robots (i.e., the space
of distributions of state estimates given specific sensor measurements) could enable
the computation of more effective motion policies.
For concentric-tube robots, some configurations naturally result in lower smoothed
covariances than others. To illustrate the information available to a motion planner,
Fig. 5 shows the smoothed state-estimate variance in the x direction as the physical concentric-tube robot from Sect. 3.2 follows a hypothetical trajectory, where the
inner tube is rotated from the start-configuration to the end-configuration as shown
in Fig. 5a. As the concentric-tube robots nears the goal-configuration, the smoothed
variance of the robot’s shape estimate in the x-direction decreases (the estimate
improves) by 35% at the proximal end of the robot with little change in the distal end.
The covariances used by the smoothed estimator are for the physical robot reported
in Sect. 3.2. For motion planners to fully exploit the natural reduction in smoothed
covariance, the temporal state transition and uncertainty in the transition must be
understood and incorporated into a full spatiotemporal estimate. Creating efficient
belief space planners for continuum robots that are based on accurate kinematic and
uncertainty models is a significant research challenge.
Note that the covariance of the proximal position estimate represents the position
uncertainty of the robot’s pose in space. For some surgical applications, the robot’s
pose is could be intraoperatively registered to a patient’s anatomy. The initial position
covariance in the x direction for the experimental system in Sect. 3.2 (with which
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Fig. 5 was computed) was estimated to be 50 mm2 . The process of Kalman smoothing
can be used to improve the registration using the sensor observations taken along the
robot’s backbone. This is shown in Fig. 5, where position observations generated by
the the electromagnetic tracker improve the position covariance of the registration
in the x direction to less than 3.0 mm2 . In the case of the robot in the “goal” configuration, the covariance is improved to 1.6 mm2 . It may be beneficial for a motion
planner to direct the robot near configurations where the initial registration can be
improved before starting delicate surgical procedures.
When placed in certain configurations, some concentric-tube-robot designs exhibit
elastic instability, which is observed as a windup, and sudden release of torsion. The
release of torsion results in fast, uncontrolled motion of the robot’s distal end. Passing through an elastic instability could be extremely harmful for sensitive surgical
manipulation tasks. As a result, it is generally assumed that concentric-tube robots
should be operated in configurations that are far from instability [3]. One nonintuitive result of Fig. 5, however, is that configurations near instabilities may be more
“information rich” than those far away. This is indicated by the fact that the “goal”
configuration, which is near what we understand to be the most likely configuration
where instability occurs, has lower proximal position covariance than the “start”
configuration, which is near what we know to be a configuration far from instability
[14]. This indicates that configurations near instability may be useful for mitigating increases in the concentric-tube robot’s state-estimate uncertainty as it follows a
trajectory, and we expect that a motion planner that explicitly considers uncertainty
could favor configurations near (but not at) instability at times for this reason.

5 Conclusion
In this paper, we used statistical state estimation as a tool to study the problems of
designing a continuum robot’s geometry, selecting and placing sensors for detecting the continuum robot, and using motion planning to direct the trajectory of a
continuum robot to accomplish a task. These three problems are fundamentally coupled and their interaction can be studied using the covariance produced by statistical
state estimation. The future of continuum robots lies in the simultaneous solution
to the continuum-robot design, sensing, and planning problems in order to produce
continuum-robot systems that make the most of their geometry and available information to satisfy the needs of the most demanding applications.
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