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Abstract— In designing concentric tube robots, it is often
desirable to use curvatures that are as high as possible.
However, with high curvatures comes the potential for elastic
instabilities. This can be addressed by motion planning or by
designing the robot to preclude the possibility of instability.
In this paper, we pursue the latter. Our primary contribution
is to show that local bifurcation theory can be used to predict
the existence of elastic instability anywhere in the workspace of
robots with arbitrarily many tubes, with straight transmissions.
We show how to use these results to design robots that are
guaranteed to remain elastically stable at all times.

I. I NTRODUCTION
When the elastic, precurved tubes that make up a concentric tube robot are rotated and translated with respect to one
another, the tubes elastically interact, storing strain energy.
During normal operation, the strain energy in the backbone
(i.e. the collection of tubes) changes in a continuous, smooth
fashion, creating smooth motions of the curved robot. However, for robots with sufficiently high precurvatures in their
tubes, there will be configurations in which elastic energy
is suddenly released and the robot “snaps” rapidly from one
configuration to another.
It has previously been noted that snapping of concentric
tube robots is an essential area of future work [1]–[3]. Snapping can be handled in two ways: one can design robots that
have no snaps in their workspace by choosing appropriate
tube parameters, or one can use a set of tubes that does
exhibit snapping and ensure elastic stability through motion
planning or control. The latter approach was recently taken
in [4], where stable paths were planned by continuously
checking the relative twist between the base of a tube and its
tip for all tube rotations in a tube set. However, to date most
design algorithms have not taken snapping into account [1],
[5]–[7], leaving it to future work.
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The purpose of this paper is to provide a computationally
efficient test for a given design, which will enable the
designer to immediately determine whether snapping will
occur anywhere in the robot’s workspace. This test (Algorithm 2) can be used to quickly eliminate from consideration
potentially large areas of the available design space when
seeking a snap-free design. Such a test could be useful when
designing robots to reach specific points [6], designing robots
for optimal surgical site coverage [1], designing robots to
pass through confined areas such as tubular structures [8],
and designing robots with desired workspace properties [9].
The snapping problem in concentric tube robots was first
studied in [10] and [11], using the transmissional torsion
model (which neglects torsion in the curved sections of the
device). As the mechanics-based model matured and became
more accurate by including torsion in curved sections, as
well as general precurvatures [12], [13], it was no longer
clear how to predict snapping.
Recently, an analytic approach to designing snap-free
robots was proposed in [3], in which exact bounds for two
tubes and conservative bounds for more than two tubes were
defined. When more than two tubes are present, the results
in [3] apply when the component tube precurvatures are
precisely aligned in arc length. Contributions in this paper
beyond [3] are (1) to derive results that are exact for any
number of tubes, (2) to provide results that apply to any
configuration of the robot, and (3) to analyze the problem
using local bifurcation theory.
Physical tube modifications can also enhance stability of
a concentric tube robot, as shown in [14] and [15]. In these
papers, the tubes were laser machined to reduce the ratio
of bending to torsional stiffness, which reduces torsional
strain energy storage. However, even using this approach,
snaps will still occur if sufficiently high curvatures are
employed, so methods for snap prediction are still needed.
Another design-based approach was shown in [16] where
non-constant tube precurvatures were used to enhance the
elastic stability of a planar two-tube robot. Our paper differs
in that we restrict our elastic stability analysis to circularly
precurved tubes with straight transmissions, and we apply
the analysis to concentric tube robots composed of arbitrarily
many tubes.
To date, the snapping problem has not been analyzed using
bifurcation theory. Bifurcation theory lends itself well to
the snapping problem since it is designed to capture abrupt
changes in solution structures as parameters vary [17], which
is precisely what happens when a concentric tube robot
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snaps. Local bifurcation theory, which is often utilized in
Euler beam buckling problems, studies the local, linearized
behavior of systems around equilibrium points, which is
where structural changes in the solution often originate.
In this paper, we show that the type of bifurcation
concentric tube robots exhibit is a supercritical pitchfork
bifurcation. We derive exact expressions for the location
of bifurcation points for robots composed of an arbitrary
number of tubes, including straight transmission sections.
We show that bifurcations create a non-unique map from
actuation space to configuration space and show that avoiding
bifurcations guarantees elastic stability. Lastly, we show how
to use these bifurcation results to design snap-free concentric
tube robots.

A

Fig. 1: This diagram illustrates arc length parameter definitions. The blue
lines indicate a precurved portion of the tube. We define s = 0 as the most
proximal point where the precurved sections of both tubes interact. Note
that β1 , β2 ≤ 0.
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II. M ATHEMATICAL P RELIMINARIES
A. Bifurcation Theory
To define and describe bifurcation, we adopt a general set
of mathematical definitions, based on [18]. Let λ ∈ Rn be a
vector of parameters and x(t) : R → Rn be a vector-valued
function. In general, x may be required to satisfy certain
algebraic conditions (e.g. boundary conditions). Consider an
operator, possibly nonlinear, f [λ, x], which generates the
problem
f [λ, x] = 0.
(1)
An equilibrium, x(t) = xe , is a fixed point that solves (1)
for all λ (we may also refer to this as a trivial solution). The
trivial branch of an equilibrium is the set of all points (λ, xe ).
A point (λ0 , xe ) on a trivial branch is called a bifurcation
point on this branch if and only if in every neighborhood of
this point there is a solution pair (λ0 , x) with x 6= xe . From
this definition, it is clear that the concepts of non-uniqueness
and bifurcation are connected.
In a nonlinear system, it is often assumed that the small
solutions of its linearization are an accurate representation of
the nonlinear problem, but this is not guaranteed, as shown
in [18]. One, however, is guaranteed to get useful information
about the nonlinear problem by linearizing about an equilibrium point (i.e a trivial configuration). It can be shown that
the linear operator defined by the linearization of (1) about
xe will not have a bounded inverse at a bifurcation point
(λ0 , xe ). This motivates our search for non-trivial solutions
to the linearized problem, a process which is sometimes
referred to as the criterion of adjacent equilibrium. It is
also known for many bifurcation problems that the onset
of sudden, unstable, snapping phenomenon (e.g. buckling,
snapping, etc.) can be predicted by analyzing only trivial,
equilibrium configurations, which is what we find for our
problem. For a mathematically rigorous discussion of this
approach, see [17], [18].
B. Concentric Tube Robot Model Equations
In this paper, we consider concentric tube robots that
operate in free space, and consist of tubes with constant
cross section that each have an initial straight section and a
circularly precurved tip as shown in Fig. 1. We note that in

Fig. 2: Each tube has a material-attached frame which propagates along the
arc length s of the robot with its z-axis tangent to the backbone of the
robot. The absolute rotational angle ψi of tube i is measured with respect
to a zero-torsion Bishop frame and changes in arc length if the tube is in
torsion.

principle all analyses in this paper could apply to planar, noncircular precurvatures, but assuming circular precurvature
here at the beginning will simplify the equations and match
the majority of concentric tube robots built to date. Advanced
models of concentric tube robots are available in [12], [13],
and a review of the modeling history for these robots can be
found in [2].
The shape of a robot in free space is determined by the
solution to the model of the evolution of torsion in arc length
s along the tubes:
(kit ψi0 )0

n

n

j=1

l=1

X
kib X
=
klb . (2)
kjb κi κj sin(ψi −ψj ), kb =
kb

The () operator indicates differentiation with respect to arc
length s. ψi is the absolute material orientation about the
backbone axis of tube i, with respect to a backbone Bishop
frame as shown in Fig. 2. kit is the torsional stiffness of
tube i, kib is the bending stiffness of tube i, κi is the
precurvature of tube i, and n is the number of tubes. The
sums are computed over the tubes present in that portion
of the backbone (see [19] for this particular form of the
equation). This model assumes the system is frictionless.
At the proximal end of a tube, where it is held, ψi is
fixed (ψi will vary in arc length along the tube, but its
initial condition is set by the actuator that grasps it), while
at the distal tip of each tube there is no torsional moment.
Therefore, equation (2) must obey the boundary conditions,
0

ψi (0) = αi − βi ψi0 (0), (kit ψi0 )(li ) = 0,

(3)

where αi is the actuator rotation of tube i, li is the arc
length where tube i terminates, and βi ≤ 0 is the arc length
where tube i is held (see Fig. 1). In the proximal boundary
condition, it is assumed that the torsion is constant for any
s ≤ 0. Typically, s = 0 is defined as the constrained point
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where the tubes exit the actuation unit, but s = 0 can be
chosen at any arc length such that (kit ψi0 )0 = 0 for all s ≤ 0,
and here we define it as shown in Fig. 1. It is convenient to
reduce the dimensionality of our system by expressing the
model in terms of relative angles between the local material
frames, thus we define θi = ψi − ψ1 . This reduces the set
of torsional angle variables from n to (n − 1) since θ1 is
treated as a reference.

θ(1)

f [λ, θ(σ)] = θ00 − λ sin(θ) = 0
0

θ(0) = α2 − α1 − βσ θ (0)

3π 2
8

2π
3π
2

π

III. T HE T WO T UBE C ASE
For n = 2, we have that θ = ψ2 − ψ1 (we drop
the subscript in this section). It will prove convenient to
nondimensionalize the arc length, s, by the length of the
backbone where both tubes are present and precurved, L.
We define σ = s/L and choose σ = 0 as the minimum
arc length at which the precurved portions of both tubes
overlap. For our initial analysis, let the transmission lengths
of each tube be equivalent (i.e. β1 = β2 = β, we will relax
this assumption later). Using operator notation consistent
with (1), the nondimensionalized system is

S-Curve with λ =

π
2

π
2

π

2π

3π
2

θ(0)

Fig. 3: The S-Curve maps the the proximal relative angle, θ(0), to the
distal relative angle, θ(1). The red circles show corresponding points in the
bifurcation diagram in Fig. 4.

θ(1)

Bifurcation Diagram for θe = π
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(4)

Bifurcation
Point

θ0 (1) = 0,

π

where βσ = β/L. The bifurcation parameter λ is given by
λ = L2 κ1 κ2

k1b k2b k1t + k2t
,
k1t k2t k1b + k2b

π
2

(5)

which simplifies to λ = L κ1 κ2 (1 + ν) if the tube cross
sections are annular and made from the same material, where
ν is Poisson’s ratio. Note that this simplification does not
require each tube to be of the same stiffness. Equation (4) is
the two point boundary value problem we will analyze for
the remainder of this section.

Trivial
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2

π2
8

π2
4

3π 2
8
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2

λ

Fig. 4: The bifurcation diagram shows nontrivial branches originating at the
bifurcation point λ = π 2 /4 when β = 0. The circles show corresponding
points between the bifurcation diagram and the S-Curve in Fig. 3. The green
dotted line shows the bifurcation equation solution from (6).

A. The Bifurcation Diagram for Two Tubes
The notion of the the trivial branch and bifurcation points
are challenging concepts to visualize. For concentric tube
robots, the concept of the S-Curve, shown in Fig. 3, was
2
first proposed in [12]. When λ < π4 this function maps
the relative material orientation at the proximal end of the
tubes to the the relative material orientation at the distal end.
The difference between these values is driven by torsional
2
strain energy storage in the tubes. If λ ≥ π4 , the mapping
θ(0) → θ(1) ceases to be a function, with the loss of
2
uniqueness initially occurring at θ(0) = π, λ = π4 . The loss
of uniqueness is apparent on the S-Curve, but the notion of
a trivial branch or a bifurcation point cannot be visualized
on this diagram.
To address this, we propose to use a bifurcation diagram.
A bifurcation diagram can be generated from (4) by plotting
points (λ, θ(1)). To draw the diagram, the equilibria of (4)
must be considered, which are θe = α2 − α1 = 0, π.
Not surprisingly, no bifurcation point occurs on the θe = 0
trivial branch, since this corresponds to the tube precurvature
directions being aligned.

On the other hand, the θe = π equilibrium (i.e. when
the tube precurvature directions are opposite one another)
does bifurcate as seen in Fig. 4. The trivial branch θe = π
2
is the only solution when λ < π4 (assuming β = 0) and
can be physically understood as a smooth exchange from
bending/torsional energy (when θ(0) < π) to only bending
2
energy when θ(0) = π. However, when λ ≥ π4 nontrivial solution branches emerge. In this case, rather than
smoothly transferring the accumulated torsional strain energy
to bending energy at θ(0) = π, the tubes instead continue to
accumulate torsional energy as θ(0) proceeds past π, until the
energy builds to the point that they snap rapidly to another
configuration. The snap occurs when the slope of the S-Curve
from Fig. 3 is infinite.
This type of bifurcation, which is also seen in the Euler
beam buckling problem, is known as a supercritical pitchfork
bifurcation because the bifurcation only occurs for values
equal to or greater than a critical bifurcation parameter.
A local bifurcation equation, which gives the linearized
equations of the non-trivial branches near a bifurcation point,
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Fig. 5: This figure illustrates the three solutions to the kinematics when
λ = 3π 2 /8 and θ(0) = π (i.e. when the tube precurvatures are antialigned at the base). The arrows indicate the direction of precurvature of
each tube given by the right-hand rule, shown at s = 0 and s = 1. These
three configurations correspond to the three solutions shown by the circles
in Fig. 3 and Fig. 4. The tubes shown here have equal stiffness, and thus
the combined tube set is straightened out in the trivial solution.

can be derived for (4) using perturbation methods (see
derivation and detailed discussion in the context of beam
2
buckling in [18]) at λ0 = π4
r
√
λ − λ0
π2
θ(1) = π ± 2 2
, λ≥
.
(6)
λ0
4
The bifurcation diagram shows that, for the actuator input
of θ(0) = π, three configurations of the concentric tube
robot exist when λ ≥ λ0 (see Fig. 5 when λ = 3π 2 /8).
The trivial branch is unstable, and hence is not possible for
physical prototypes to achieve, while each of the non-trivial
branches are realizable (the configuration seen depends on
the actuation history). We also see from Fig. 4 that when
when λ < λ0 , a unique solution exists, and therefore, if the
design ensures that λ always stays in this realm, the robot
will be snap-free. We follow this approach of finding nontrivial solutions near equilibrium configurations in analyzing
a variety of more general cases throughout the remainder of
the paper.
B. Local Bifurcation Analysis
1) Equal Transmission Lengths: The linearization of (4)
at θe = π is
θ00 + λ(θ − π) = 0,
(7)
and the general solution is
√
√
θ(σ) = C1 cos( λσ) + C2 sin( λσ) + π.

This solution is subject to the boundaries θ(0) = π −βσ θ0 (0)
and θ0 (1) = 0. Evaluating
the proximal boundary, we have
√
that C1 = −βσ λC2 , and plugging this relationship
√ into
√
the √
distal boundary condition gives C2 [βσ λ sin( λ) +
cos( λ)] = 0. When C2 = 0, we get the trivial solution
θ(σ) = θe = π, but another, non-trivial solution can be
found if the bracketed quantity goes to zero. Therefore, a
bifurcation point exists at (λ0 , π) where λ0 obeys
√
− cot( λ0 )
√
βσ =
.
(8)
λ0

π2
4

3π 2
8

π2
2

λ

Fig. 6: Bifurcation diagrams are shown for various transmission lengths. As
the transmission length grows, the critical bifurcation parameter is reduced.

2

When βσ = 0, this simplifies to λ0 = π4 , the wellknown result for two tubes with no transmission lengths.
Thus, the addition of transmission length reduces the critical
bifurcation parameter, as illustrated in Fig. 6.
Furthermore, if λ < λ0 , then the design is snap-free,
since the design will always remain subcritical. Note that
equation (8) is found in a different form in [3] as an
inequality that, if satisfied, guarantees a unique solution to
the state-linearized model.
2) Unequal Transmission Lengths: In physical concentric
tube robot prototypes, the straight transmission lengths will
not be equal since smaller tubes must be longer than larger
tubes in order to be grasped by their respective actuators. If
an equivalent transmission length, βeq,σ = f (β1,σ , β2,σ ), can
be found such that the proximal boundary remains unchanged
from (4), the results from the previous section will remain
valid for this case.
The proximal boundary condition with differing transmission lengths is θ(0) = α2 − α1 − β2,σ ψ20 (0) + β1,σ ψ10 (0).
Using torsional equilibrium, which must be satisfied along
the entire backbone, we can relate ψ10 (0) and ψ20 (0): k1t ψ10 +
k2t ψ20 = 0. By combining torsional equilibrium with the
definition of θ, the relationship between ψ20 (0) and θ0 (0)
1t
is ψ20 (0) = ( k1tk+k
)θ0 (0). This enables re-expression of
2t
the proximal boundary condition in the same form as (4):
θ(0) = α2 − α1 − βeq,σ θ0 (0), where
βeq,σ =

β1,σ k2t + β2,σ k1t
.
k1t + k2t

(9)

Thus, any two tube robot with unequal transmission
lengths can be equivalently represented as two tubes with
equal transmission lengths using (9), and the results from
the previous section hold.
IV. T HE S EVERAL T UBE C ASE
A. Equal Transmission Lengths
For the several tube case, it is simpler not to nondimensionalize. We start by assuming that the precurved portions of
the tubes are fully overlapped with length L (this restriction
will be removed later, but eases initial exposition) and each
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have the same transmission length, gripped at arc length
β ≤ 0. We can express (2) in terms of relative angles as
θi00 =

n
X

Φij sij + Φ1j sj

j=1

(10)

θi (0) = αi − α1 − βθi0 (0)
θi0 (L) = 0,

where si = sin(θi ), sij = sin(θi − θj ), and Φ is an n × n
matrix with each entry, Φij , defined as
Φ(i, j) = κi κj

kib kjb
.
kb kit

(11)

Let θ e ∈ Rn−1 be an equilibrium point of (10), and
linearizing (10) at the equilibrium gives
θ 00 = Ae (θ − θe ), Ae =

∂θ 00
∂θ

.

=A

(12)

θ=θ e

θ=θ e

A can be derived from (10) and is given by

n
X


 Φ c +
Φpj cpj (p = q)
1q q
A(p−1, q−1) =

j=1,j6
=
p


−Φpq cpq + Φ1q cq
(p =
6 q)

(13)

where ci = cos(θi ), cij = cos(θi − θj ), and the indices
p, q = 2, . . . , n (we omit the trivial equation θ1 = 0).
To express (12) in first-order form, we define
 the0 state vecT
T
tor, x, and
 equilibrium state, xe , as x = θ θ , xe =
θ e 0 , such that (12) becomes


0 I
0
x =
(x − xe ).
(14)
Ae 0
| {z }
Ãe

Ae can be decomposed into its eigendecomposition1 as
Ae = VΛV−1 , and we can rewrite (14) equivalently as
 −1




V
0
0 I V−1
0
0
=
(x − xe ) .
x
Λ 0
0
V−1
0
V−1
|
{z
}
|
{z
}
x̃0

x̃−x̃e

By defining a transformed state vector, x̃, we reduce our
linearized state equations to


0 I
0
x̃ =
(x̃ − x̃e ).
(15)
Λ 0
| {z }
Ψ

Equation (15) has the general solution
 
 
c
θ̃
x̃ = eΨs c + x̃e , c = 1 , x̃e = e ,
c2
0
where c is a vector of constants determined by the boundary
conditions. The proximal boundary from (10) evaluates to
1 The Jacobian of (2) at an equilibrium, in the variables ψ , is similar to
i
a symmetric matrix and therefore nondefective. It can then be shown that
the transformation to the (n − 1) dimensional subspace corresponding to
the variables θi retains a complete basis of eigenvectors for its Jacobian,
Ae .

Vc1 + βσ Vc2 = 0, while the distal boundary relies on the
fact that
√
√ 
√

( Λ)−1 sinh(L
Λ)
cosh(L Λ)
ΨL
√
√
√
,
e
=
Λ sinh(L Λ)
cosh(L Λ)
and evaluates to2
√
√
√
V Λ sinh(L Λ)c1 + V cosh(L Λ)c2 = 0.

(16)

The proximal boundary imposes the constraint c1 = −βc2 ,
which can be substituted into (16) to produce
h
√
√
√ i
V cosh(L Λ) − β Λ sinh(L Λ) c2 = 0.
{z
}
|
T

This equation has a non-trivial solution, x̃ 6= x̃e , when the
matrix T drops rank. Since Λ is diagonal, this is equivalent
to determining when any diagonal element of T is zero.
Therefore, θ e bifurcates when:
p
coth(L λj )
p
β=
(17)
λj
for any λj , where λj is the j th eigenvalue of Ae . This
equation is only solvable for λj < 0 (since β ≤ 0). When
2
β = 0, this condition requires L2 λj = − π4 , which is a
generalization of the condition shown in the literature for
two tubes. Indeed, comparing (17) to (8), it is clear that
the bifurcation theory generalizes nicely to n tubes (the sign
difference and cot/coth is due to the sign of λj , and in (8)
L is lumped into λ0 ).
B. Unequal Transmission Lengths
Analogous to P
the extension from two tubes, torsional
n
0
equilibrium, or
j=1 kjt ψj = 0, creates a relationship
between the absolute torsion and the relative torsion
n
n
X
1 X
ψi0 =
kjt .
(18)
kjt (θi0 − θj0 ), kt =
kt j=1
j=1
The proximal boundary condition with unequal transmission lengths is θi (0) = αi − α1 − βi ψi0 (0) + β1 ψ10 (0), and
can be re-expressed using (18) in terms of relative angles as
θi (0) = αi − α1 − βi θi0 (0) +

n
βi − β1 X
kjt θj0 (0).
kt j=1

Since this expression is linear in θi0 , we define the matrix B
as

β1 − βi


kit + βi (i = j)

kt
(19)
B(i − 1, j − 1) =

β − βi

 1
kjt
(i 6= j)
kt
for i, j = 2, . . . , n. Using B, the proximal boundary condition can be expressed as
θ(0) = θ e − Bθ 0 (0),

(20)

2 cosh and sinh are defined here by the Taylor series expansion for the
matrix arguments.
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and the distal boundary condition remains unchanged
from (16). Evaluation of the proximal boundary condition
gives Vc1 + BVc2 = 0, which provides the constraint that
c1 = −V−1 BVc2 . After substituting into (16), we have


√
√
√
V cosh(L Λ) − Λ sinh(L Λ)V−1 BV c2 = 0.
|
{z
}
T∗

Therefore, θ e bifurcates when the matrix T∗ drops rank, or
equivalently, when det(T∗ ) = 0.
V. M AXIMUM S NAP -F REE T UBE OVERLAP :
T HREE T UBE A NALYSIS
In [12], a canonical case for two fully overlapped tubes
is described, where each tube is assumed to have the same
stiffness, be made of the same material, have no transmission
length, and have equal curvature. In this case, the bifurcation
parameter simplifies to λ = L2 κ2 (1 + ν). The tube overlap
angle was defined as γ = Lκ, so λ = γ 2 (1 + ν). Assuming
the concentric tube robot is made of nitinol tubes, Poisson’s
ratio is approximately ν = 0.3 [12]. Thus, the critical snapfree tube overlap angle γc was shown to be
r
λ0
π
= √
= 1.38 rad, 79◦ .
γc =
1+ν
2 1+ν
Using the techniques from Section IV, we can extend this
result to three tubes. Note that the purpose of this example
is not to produce a practical physical prototype, but rather
to show that several model special cases that have been
previously observed in the two-tube model generalize.
With the same canonical assumptions of identical, fully
overlapping tubes, each coefficient in (13) Φij = Φ, where
Φ = κ2 1+ν
in
3 . For three tubes, there
 are
 six equilibria
 

T
0
0
π
0
0
π
=
,
,
,
the
domain
θ
∈
[0,
2π):
θ
i
e

 


π π , 2π/3 4π/3 , and 4π/3 2π/3 . However, with
our assumptions of equal stiffness and curvature, several of
these cases
equivalent,
so we can reduce the set
 areclearly

 
to θ Te = 0 0 , π 0 , 2π/3  4π/3 .
The equilibrium θ Te = 0 0 represents all three tubes
aligned with one another, with the same direction of precurvature. The matrix Ae of (13) for this case has all positive
eigenvalues (λ1,2 = 3Φ), which we have shown precludes a
bifurcation point.


The equilibrium θ Te = π 0 represents one tube rotated
180◦ from the other two tubes. For this case, the eigenvalues
of Ae are λ1 = −3Φ, λ2 = Φ. Recall, with β = 0, the
2
critical bifurcation parameter for n tubes is λ0 = −π
4 .
2
By equating L λ1 to the critical bifurcation parameter, the
maximum snap-free tube overlap angle, γc , can be deter2
mined. We have that −3L2 Φ = −γc2 (1 + ν) = −π
4 , or
π
◦
γc = 2√1+ν = 1.38 rad, or 79 . Remarkably, this implies
that the design constraints on the tube parameters that prevent
snapping are unchanged when moving from two to three
tubes.
The final equilibrium to evaluate, which
does not

 have
an analogy for two tubes, is θ Te = 2π/3 4π/3 . This
represents the three tubes all rotated 120◦ from each other.

Intuitively, this trivial solution will straighten out the combined set of tubes unless a non-trivial, energetically favorable
solution branch exists. At this equilibrium, the eigenvalues
of Ae evaluate to λ1,2 = −1.5Φ. Equating −1.5L2 Φ to λ0 ,
we find the critical
angle of snap-free tube overlap angle
√
2π
= 1.95 rad, or 112◦ . This equilibrium
to be γc = 2√1+ν
bifurcates at a much larger γc , which demonstrates that a
bifurcation of one equilibrium does not imply bifurcation of
all equilibria. However, a configuration can be deemed snapfree by ensuring that none of the equilibria have bifurcated.
Although we have not proven this, we have found in
simulation that these γc = 79◦ and γc = 112◦ results
extend to an arbitrary number of tubes for these canonical
conditions. The equilibrium θ e , where each element is either
0 or π, with at least one element π (which is always an
equilibrium), will bifurcate at γc = 79◦ , regardless of the
number of tubes. Similarly, the equilibrium that exists for
◦
from
more than two tubes where each tube is rotated 360
n
◦
adjacent tubes bifurcates at γc = 112 , regardless of the
number of tubes.
VI. D ESIGN I MPLICATIONS AND I MPLEMENTATION
A. Transmission Lengths
From equations (8), (17), and Fig. 6, it is clear that
transmission lengths, which are often an afterthought of
tube design, are important to consider for guaranteed elastic
stability. The designer should consider ways to reduce these
lengths, if possible. Alternatively, if the transmission sections
are not required to be elastic, replacing these sections with
stiffer sections will enhance the stability of the design. In
general, preventing unnecessary strain energy build up in
the backbone of the robot should be prioritized for elastic
stability.
B. Two Tube Snap-Free Design Space: Implementation
Design optimization problems often seek to maximize the
robot’s workspace, or to optimally match the workspace to
a task, subject to a set of constraints [1], [6]. The snapping
problem can be taken as another constraint, and the designer
can reduce the potential design space by excluding designs
which can snap. Algorithm 1 provides a method to reduce
a potential two-tube design space to a subspace that is
snap-free. Note that, given a translational configuration of
the robot and all of the tube parameters, the inner loop
of Algorithm 1 provides a test for whether all rotational
configurations are snap-free.
C. A Several Tube Snap Test: Implementation
While canonical cases are useful for gaining intuition, in
practice, the robot backbone will typically contain several
distinct sections where the number of tubes and precurvature
of each is constant. The analysis from Section IV can
accommodate these conditions as follows.
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in (14) that the equilibrium is at θ e = 0 (a change of
variables can always achieve this). The solution to (14) for
section k is x(s) = eÃe,k (s−Nk−1 ) x(Nk−1 ) for Nk−1 ≤ s ≤
Nk . By assuming that kib = 0 when tubes are no longer
present, the distal boundary conditions are all implicitly
extended to the most distal node, Nm . At the distal node
of the first section, we have that x(N1 ) = eÃe,1 N1 x(0). At
the distal node of the second section, we have that x(N2 ) =
eÃe,2 (N2 −N1 ) x(N1 ), and substituting, we have that x(N2 ) =
eÃe,2 (N2 −N1 ) eÃe,1 N1 x(0). This process propagates through
the sections until the final node, Nm , is reached, so we have
x(Nm ) = Hx(0) where

Input: All possible tube precurvatures: K
Tube parameters (geometry, material, lengths): p
Maximum precurved tube overlap: Lmax
Output: Snap-free design space: D
1: for L = 0 to Lmax do
2:
for all κ1 , κ2 ∈ K do
3:
β1 , β2 ← Fig. 1 using p
4:
λ ← Eq. (5) using p, L, κ1 , κ2
2
5:
if λ < π4 then
6:
βeq,σ ← Eq. (9) using β1 ,√β2 , p, L
7:
bifurcate ← (βeq,σ + cot( λ)λ−1/2 ≤ 0) {Eq. (8)}
8:
if bifurcate = false or λ = 0 then
9:
Add [κ1 , κ2 , L] to D
10:
end if
11:
end if
12:
end for
13: end for

H = eÃe,m (Nm −Nm−1 ) . . . eÃe,1 (N1 −N0 ) .

1) Finding Equilibria: Finding equilibria is actually usually simpler in general cases than in fully overlapped cases,
since there are fewer equilibria to consider. Recall that an
equilibrium must be a fixed point that solves (10) for all s.
In a physical robot, even if it is composed of several tubes,
there will almost always be a section where only two tubes
are present. The only equilibria in the two tube section are
θe = 0, π, and since any candidate equilibrium point must
hold for all sections simultaneously, we need not consider all
permutations of tube angles for sections with more than two
tubes. This means the only θ e that need to be considered
are composed of only zero and π elements, with at least
one element π. Therefore, for an n tube robot, the designer
need only to consider 2n−1 − 1 equilibria. We have found in
a large number of simulations that the additional equilibria
that arise in the special-case, fully overlapped configurations
bifurcate at larger critical bifurcation parameters.
2) Defining Nodes and Sections: We define a node as any
arc length along the robot where there is a discontinuity in
(i) the number of tubes present or (ii) the precurvature of
any of the tubes. For tubes that are straight with a constant
curvature section, a node will exist where the straight section
terminates. We define a section as connecting consecutive
nodes. A given robot configuration will have m + 1 nodes,
and m sections. To start, define node N0 at the most proximal
arc length where at least two precurved tubes overlap, and
set this arc length to N0 = 0. Next, define Nm as the most
distal arc length where at least two tubes are present. Define
all remaining nodes, N1 , . . . , Nm−1 from proximal to distal
between N0 and Nm . We use the convention that section k
connects nodes Nk−1 and Nk .
3) Propagating Linearized Solutions Through Sections:
An n × n parameter matrix, Φk , can be defined for the k th
section from (11). If tube i is not present in the section, set
kib = 0, which must also be enforced when calculating kb .
Using Φk and the equilibrium θ e , calculate Ãe,k from (13)
and (14), which is Ãe for section k. The sum from (13)
is computed over the total tubes present in the entire robot,
regardless of the section. Without loss of generality, assume

(21)

4) Finding Bifurcation Points: Since the state x(0) =

T
θ(0) θ 0 (0) , and θ(0) = −Bθ 0 (0) from (20), we can
simplify x(Nm ) = Hx(0) to
 


θ
−B 0
θ (0).
(22)
0 (Nm ) = H
θ
I
| {z }
S

We have reformulated the several point boundary value
problem to a two point boundary via this propagation and
now have θ 0 (Nm ) = 0, or
θ 0 (Nm ) = S2 θ 0 (0) = 0,

(23)

where S2 is the (n − 1) × (n − 1) matrix extracted from the
bottom half of S. If a non-trivial solution with θ 0 (0) 6= 0 can
be found, then this indicates a bifurcation point and hence the
possibility that the robot could snap between configurations.
If S2 is full rank, then the only solution to (23) is the trivial,
equilibrium solution θ 0 (0) = 0. However, when det(S2 ) =
0, a non-trivial solution exists and the equilibrium bifurcates.
As tube parameters and translational actuation is smoothly
varied, the determinant will vary in a smooth way, even
across a bifurcation point. We know that det(S2 ) > 0 for
non-bifurcated configurations (this can be shown in several
ways; for example, when all tubes are straight, we have
S2 = I), so any configuration with det(S2 ) ≤ 0 indicates
the equilibrium configuration assessed has bifurcated. We
note that det(S2 ) = 0 at every mode of bifurcation, but
from a practical standpoint, any realistic robot will not
be near the second mode of bifurcation, so searching for
det(S2 ) ≤ 0 will suffice. It is good practice, however, to
initialize a simulation in a known stable configuration and
vary parameters from this configuration. Algorithm 2 gives
a test to determine if a robot in any configuration, composed
of any number of tubes, could snap.
D. Design Space Reduction Example
There are typically many parameters available in concentric tube robot design. These include the number of tubes,
their diameters, curvature of each, and lengths of curved and
straight sections. If these parameter ranges are sampled at
even a moderately fine discretization, a brute force search is
undesirable due to the beam mechanics model that must be
solved for each workspace point considered for each design.
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actuation in free space. We have also shown that the snapping
phenomenon can be analyzed using local bifurcation theory.
The results derived in this paper can provide design and
actuation constraints for the constant curvature robots that
are most often employed today and can be included into
future design optimization and motion planning algorithms.

Input: Tube parameters p and translational actuation
All equilibria: {e1 , . . . , en } ∈ e
Output: Bifurcation: true/false
1: m + 1 nodes, m sections ← using translational actuation, p
2: β1 , . . . , βn ← using translational actuation, p
3: B ← Eq. (19) using β1 , . . . , βn , p
4: for k = 1 to m do
5:
Φk ← Eq. (11) using p
6: end for
7: for all e do
8:
for k = 1 to m do
9:
Ãe,k ← Eq. (13), (14) using Φk , e
10:
end for
11:
H ← Eq. (21) using Ãe,1 , . . . , Ãe,m .
12:
S2 ← Eq. (22) using H, B.
13:
if det(S2 ) ≤ 0 then
14:
return true
15:
end if
16: end for
17: return false

Tube
Inner
Middle
Outer

R EFERENCES

TABLE I: Simulation Tube Parameters (mm)
OD
ID
Straight Length
Curved Length
1.16
0.86
170
40
1.64
1.34
125
40
2.86
1.86
80
40

The purpose of Algorithm 2 is to eliminate many designs
from consideration a priori. As an example, consider the simple robot from [1] consisting of a straight, rigid outer tube,
and two curved inner tubes. To simplify the problem, assume
that tube diameters and straight and curved section lengths,
are as shown in Table I, with Poisson’s ratio 0.3 and Young’s
Modulus 50 GPa. For this simulation, we allow the outer tube
to be curved, so the remaining design space consists of the
precurvature of each tube, and here we consider a (physically
realizable) range of [2, 30] m−1 for each. Discretizing these
ranges into N = 20 evenly spaced values, the design space
is composed of N 3 = 8000 total combinations. Fortunately,
Algorithm 2 can be used to help the designer only search
over a subset of these. Before applying it, we make one
final assumption (again conservative, simply for ease of
computation of this example), which is that no outer tube
extends past the tip of a tube within it, and that we extend
the tubes 40 mm.
Using translational steps of 2.5 mm for each tube, we
applied Algorithm 2. If during a step Algorithm 2 returned
a bifurcation, the design was eliminated. Of the 8000 total
potential designs, 7179 of them had snaps somewhere in
their workspace. Thus, Algorithm 2 reduced the design space
by approximately 90%. Note that the benefit of reducing
the design space would become even more pronounced if
one allowed the number of tubes to vary, as well as other
parameters like the lengths of the curved sections of the
tubes.
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We have presented a framework which can be used to
design concentric tube robots (composed of any number of
tubes, with transmission lengths) that will not snap during
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