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Abstract— Understanding and avoiding elastic instability has
been a recent focus of concentric tube robotics research.
Modeling advances have produced metrics for the stability of
high curvature designs. We show in this paper how these metrics
can be used in real time to to resolve redundancy in a way
that avoids elastic instability. To demonstrate the effectiveness
of the approach in simulation, we consider a three-tube robot
moving through an initially unstable trajectory, and show how
our proposed redundancy resolution approach stabilizes it. This
work is a step towards robust, stable control of high-curvature
concentric tube robots.

I. INTRODUCTION

Concentric tube robots have garnered considerable interest
in the continuum and surgical robotics communities in the
past few years. They can achieve “tentacle-like” motion
due to the bending and twisting elastic interaction of their
nested, precurved tubes. These devices have been applied
to a number of minimally invasive surgical applications
because of their small diameter and dexterity. For a review
of concentric tube robotics research and applications, see [1].

Concentric tube robots can be used as either teleoperated
manipulators or steerable needles. In both scenarios, highly
curved robots are advantageous, whether for improving tool
dexterity or enabling the robot to pass along more tortuous
paths. However, when nested tubes are assembled in such
a way that their curved tips overlap and then are axially
rotated, torsional energy is stored in the device. This causes
elastic instabilities in which the robot “snaps” from one
configuration to another. The higher the curvature of the tips
and/or the longer the transmission lengths between the tips
and the location where the tubes are grasped at their bases,
the higher the likelihood of snapping [2]–[4]. Because of this,
there is a design tradeoff between robot maneuverability in
tight spaces (which requires a high tube curvatures) and the
need to maintain elastic stability (for which low curvatures
are preferable).

This work is motivated the idea that if we can control a
concentric tube robot to avoid elastic instability, then we
can have large curvatures (and resulting maneuvarability
benefits that allow the robot to turn tight corners) without the
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danger of uncontrolled snapping. To date, “elastic stability-
aware” control has only been achieved in an a priori, motion
planning sense. For example, Bergeles et al. demonstrated
stable planning of concentric tube robots using knowledge
of both task and anatomical constraints [5]. Similarly, a
relative elastic stability metric S developed by Gilbert et al.
was used to produce stability maps through joint space [3].
Planning approaches do not consider elastic stability in real
time teleoperation when the robot may be subject to surgeon
inputs that are not known a priori. Here, we describe the first
real-time control method for high curvature concentric tube
robots that maintains elastic stability for arbitrary tip motion
inputs. We utilize a redundancy resolution algorithm that can
be implemented using resolved rates, making it suitable for
teleoperation in surgical scenarios.

Redundancy resolution has been applied to other classes
of continuum robots to accomplish a variety of secondary
objectives. For example, controllers for hyper-redundant
robots can command both end effector pose and backbone
shape [6], [7]. Redundancy resolution schemes can also be
used to reduce actuation forces of tendon-actuated contin-
uum robots [8], while snake-like multi-backbone robots can
utilize a redundant secondary backbone to reduce back-
bone forces [9]. Edelmann et al. used the redundancy of
magnetically-controlled catheters to improve stability [10].
The secondary objective was to minimize the least negative
singular value of the tip stiffness matrix. This work is the first
application of instability avoidance redundancy resolution to
concentric tube robots.

II. REDUNDANCY RESOLUTION ALGORITHM

To achieve instability avoidance redundancy resolution for
concentric tube robots, we utilize a weighted damped least
squares control strategy. This section describes the objective
function and resulting update law that avoids elastically
unstable configurations while tracking a trajectory.

A. Concentric Tube Robot Model

In this work, we use the well-established mechanics-based
model of concentric tube robots [11], [12] and the elastic
stability metric of [3]. We define the joint variable q as

q =
[
ψ1L ψ2L ψ3L x1 x2 x3

]T
, (1)

where ψiL is the angle between the material frame of the ith
tube and the bishop frame RB at the tip of the robot, and



xi is the exposed length of each tube.

x1 = β1 + L1 − β2 + L2

x2 = β2 + L2 − β3 + L3

x3 = β3 + L3

, (2)

where βi is defined as the negative arclength s where the
actuator grasps tube i (s = 0 is defined as the constrained exit
point of the tubes) and Li is the total tube length of tube i.
The inner, middle, and outer tubes correspond to subscripts
1, 2, and 3, respectively. We control tip angles ψiL because
they correspond to a unique configuration of the robot. The
control of ψiβ (the angles at the base of the robot), on the
other hand, can correspond to multiple configurations of the
robot once its solution space has bifurcated [2], [3].

B. Redundancy Resolution Framework

During resolved rates teleoperation, the surgeon com-
mands a desired trajectory, which is converted to a desired
task space velocity ẋd ∈ Rm×1. The robot’s Jacobian
J ∈ Rm×n converts ẋd to instantaneous joint velocities
q̇ ∈ Rn×1 using Jq̇ = ẋd. However, control of concentric
tube robots must consider more than just tracking. We
incorporate tracking, damping, joint limits, and stability into
our calculation of q̇ by using a weighted damped least
squares approach [13], which was subsequently applied to
concentric tube robot control (without elastic stability-based
objectives) in [14]. Our cost function that incorporates the
various (potentially conflicting) control goals is

H =
1

2

(
(Jq̇ − ẋd)TW0(Jq̇ − ẋd)︸ ︷︷ ︸

Tracking

+ q̇TWDq̇︸ ︷︷ ︸
Damping

+

q̇TWJ q̇︸ ︷︷ ︸
Joint Limit
Avoidance

+(q̇ − vS)TWS(q̇ − vS)︸ ︷︷ ︸
Instability
Avoidance

)
, (3)

which can by minimized by setting ∂H
∂q̇ = 0. The resulting

instantaneous joint velocity vector that minimizes H is

q̇ =
(
JTW0J+WD +WJ(q) +WS(q)

)−1

(
JTW0ẋd +WS(q)vS

)
. (4)

We will examine each term in this cost function and resulting
update law in subsequent subsections. The gains used in the
algorithm are summarized in Table II.

1) Tracking and Damping: The first term in the cost
function H (Equation 3) penalizes joint velocities q̇ that
differ from those specified by the surgeon. The second term
penalizes high joint velocities q̇, adding numerical damping
effect. Both terms have weighting matrix defined by

W0 = α0I3×3, WD = αD

[
bRI3×3 0

0 bT I3×3

]
, (5)

where α0 is a proportional tracking gain, αD is an overall
proportional damping gain, bR is a rotational damping gain,
and bT is a translational damping gain (we distinguish bR
and bT due to the different rotation and translation units).

2) Joint Limit Avoidance: The third term in the cost
function H penalizes joint velocities q̇ that violate joint
limits. Here, we define joint limits based on the exposed
length of each tube. For each tube, we define a minimum
and maximum exposed length, xi,min and xi,max. Here, we
make the choice to prevent a given tube from being retracted
beyond the tip of the tube surrounding it, meaning that all
xi,min must be greater than zero. Note that this joint limit
definition could be relaxed if desired; it is not an intrinsic
part of the algorithm Specifically, we set all xi,min to 1 mm
and all xi,max to 40 mm. To avoid these joint limits, we
define a joint limit penalty function as

J(x) =

3∑
i=1

1

4

(xi,max − xi,min)2

(xi,max − xi)(xi − xi,min)
. (6)

which was inspired by results in [15]. We then define a
weighting matrix as

WJ(q) = αJ diag(1 + |∇Jq|) (7)

where
∇Jq =

[
0 0 0 Jx1

Jx2
Jx3

]
, (8)

and Jxi
= ∂J

∂xi
. We do not enforce rotational joint limits, so

the first three elements of ∇Jq are zero. With this strategy,
the joint limit avoidance term dominates the cost function
when a joint value xi approaches its limits.

3) Instability Avoidance: The key contribution of this
paper to the cost function H is the final term, which is
designed to dominate the cost function when the robot
configuration approaches instability as given by the metric S,
derived in [3]. We define an instability avoidance weighting
matrix as

WS = (e
1

S−S∗ − 1)I , (9)

in which each diagonal element approaches infinity as S
approaches the stability threshold S∗. In such cases, we want
the update law to command joint velocities that move the
robot away from unstable configurations. To do so, we define

vS = αS
∂S
∂q

= αS∇Sq . (10)

By choosing the proportional gain αS > 0, the system will
ascend the stability gradient when the instability avoidance
term dominates the cost function, moving the robot to a more
stable configuration. We numerically compute the stability
gradient ∇Sq using centered finite difference (translational
step = 0.01 mm, rotational step = 0.05 ◦).

III. ALGORITHM PERFORMANCE

To test our elastic stability-aware redundancy resolution
algorithm, we simulated the real-time control of a three-tube
concentric tube robot made of superelastic nitinol tubes (E =
50 GPa , ν = 0.4 , see Table I for tube dimensions) along a
desired trajectory. As shown in Fig.2, the simulated robot has
significant regions of instability in actuation joint space that
must be avoided by the control strategy. In this simulation,
we used the gain parameters given in Table II, as well as a
stability threshold of S∗ = 0.
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Fig. 1: (Left) Desired trajectory of a helix wrapping around a torus.
(Right) Concentric tube robot following the desired trajectory.
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Fig. 2: High curvature concentric tube robots have a reduced stable
joint space due to regions of elastic instability. However, this does
not necessarily reduce the robot’s workspace. For this example
manipulator, nearly all tip positions that are “reachable” with un-
stable configurations are also reachable with stable configurations,
highlighting the need for intelligent actuation and control.

Elastic instability significantly reduces this robot’s stable
joint space. We iterated through joint space using 1 mm
translational steps and 10 ◦ rotational steps and generated
a point cloud of stable and unstable (x, y, z) tip positions
projected into the (R, z) plane where R =

√
x2 + y2. We

found that 45% of joint configurations are unstable based
on this discretization. However, elastic instability does not
necessarily correspond to the elimination of this robot’s
achievable workspace. In Fig.2, the stable workspace almost
completely encompasses the unstable workspace. In other
words, nearly every tip position that is achievable in an
unstable configuration can also be achieved in a stable
configuration.

A. Desired Trajectory

During teleoperation, the desired input velocities are those
commanded by the surgeon. Here, to create an example
trajectory to use in simulation, we choose a helix wrapping
around a torus, as shown in Fig. 1. The equations defining

TABLE I: Tube parameters used in the simulation. Each unde-
formed tube is a straight section appended with a circular arc at
the tip.

Tube 1 Tube 2 Tube 3 Units
Outer Diameter 1.1 1.4 1.7 mm
Inner Diameter 1.0 1.3 1.6 mm
Total Tube Length 150.0 100.0 50.0 mm
Straight Tube Length 100.0 60.0 25.0 mm
Precurvature 30.0 30.0 30.0 m−1

TABLE II: Control gains used for tracking, damping, and joint limit
avoidance. Note that joint units are in radians and meters, so what
appear as large gains are reasonable, considering task space and
translational joint velocities here are in the mm/s range.

Parameter Symbol Value
Tracking Proportional Gain α0 1.0 × 108

General Damping Proportional Gain αD 0.1
Nominal Translation Damping bT 5.0 × 108

Nominal Rotation Damping bR (180/2π)2

Joint Limit Damping Proportional Gain αJ 20.0
Stability Proportional Gain αS 10.0

the desired tip position were

pdes =

(R+ r cos(NT θ)
)
cos(θ)

(R+ r cos(NT θ)
)
sin(θ)

r sin(NT θ) + zoff

 , (11)

where the torus’ major radius (R) was 15.0 mm, its minor
radius (r) was 3.0 mm, the number of helix turns (NT ) was
5, the offset from the x-y plane (zoff ) was 55.0 mm, and
θ ∈ [0, 2π). The robot’s home position was given by ψL = 0
and x1 = x2 = x3 = 20 mm. We used a simulation time of
10 s with a step time of 5 ms and implemented a standard
resolved rates scheme in which the desired velocities were
calculated using the error vector between the current position
and desired position at each time step.

B. Results

We performed the simulation both with (the “stability-
aware” case) and without (the “stability-unaware” case) the
instability avoidance term included in the cost function and
control law. In Fig. 3(a), we show the stability metric and
tracking error throughout the entire trajectory. Due to the
high curvature of the tubes and the commanded trajectory, the
robot snaps twice. However, the controller has no knowledge
of this instability nor does it have a way to avoid it.
Based purely on the kinematic model, the robot appears
to be tracking well from the controller’s perspective, but
there is a disconnect between physical tracking and modeled
tracking due to the uncontrolled snapping. As soon as the
stability metric first crosses to S < 0, the robot snaps to a
configuration far away and tracking is lost.

Fig.3(b) shows that using the instability avoidance control
law enables the robot to avoid instabilities while maintaining
very good tracking (∼1 mm) in task space. Note that the
chosen trajectory error is due to the dynamic trajectory and
high damping; the error quickly reduces to < 0.01 mm when
regulating a constant desired tip position. At the beginning
of the trajectory, stability moves toward zero, but unlike
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Fig. 3: (a) When the control law is stability-unaware, the robot’s stability crosses to S < 0 and it snaps to a new configuration. Based
on the kinematic model alone, tracking appears to be good, but tracking of the physical robot has been lost. (b) When the controller is
stability-aware, the entire trajectory is stabilized. When S approaches zero, the robot moves away from the unstable configuration while
still tracking the trajectory.

Fig.3(a), the instability avoidance term causes the robot to
move to a more stable configuration while continuing to track
the desired trajectory.

IV. DISCUSSION

The stability aware redundancy resolution method de-
scribed in this paper demonstrated good position tracking
while simultaneously avoiding instabilities and joint limits
in the simulation case studies considered in this paper.
Qualitatively, we have found the algorithm to be robust
to different trajectories and even higher tube precurvatures.
While the results of this paper are limited to a specific ex-
ample, we believe that with further study, it may be possible
to draw more rigorous conclusions about the algorithm’s
effectiveness and robustness. There is also currently no way
to automate the gain tuning process on the various terms of
the control law, which must be done by hand.

However, the results of this study provide a promising
approach to enable the use of more highly curved tubes
that will exhibit snapping at various points in joint space.
This will enable robots to use more stable configurations to
achieve desired task space positions than would be possible
with prior resolved rates control approaches. More broadly,
we expect elastic stability-aware control to open up the
design space to enable designers to create robots with
higher tube precurvatures than previously thought feasible,
thereby allowing workspaces to be better optimized based on
application requirements, and possibly opening the door to
new surgical applications.
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