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Chapter 1
A Review of Concentric Tube Robots: Modeling, Control,
Design, Planning, and Sensing
Arthur W. Mahoney, Hunter B. Gilbert, and Robert J. Webster III∗
Concentric tube robots consist of nested sets of precurved elastic tubes that bend
and deform one another when they are translated and rotated with respect to each
other, resulting in tentacle-like motion. Concentric tube robots are needle-sized
devices, which makes them promising instruments for minimally-invasive surgical
tasks. Their potential has motivated a significant amount of research focused on
modeling their behavior, designing their actuation systems and shape to meet
application requirements, controlling them in surgical environments, planning
their motions in constrained anatomy, and sensing their shape in space for realtime feedback. In this chapter, we present an overview of concentric tube robots’
development for use as both steerable needles and robotic manipulators.

1. Introduction
Medical and inspection applications have driven the development of continuum (i.e.,
continuously flexible) robots;1 Burgner-Kahrs et al. provide a thorough review of
their applications in medicine.2 One of the smallest types of continuum robot
is the concentric tube robot. Concentric tube robots, which are also known as
active cannulas, consist of nested sets of precurved, elastic tubes. When the tubes
are rotated and translated with respect to one another, the precurved portions
of the tubes interact, causing them to bend in a tentacle-like fashion. The tubes
are generally made of superelastic Nitinol and many concentric tube robots in the
literature are needle-diameter.
Concentric tube devices have evolved over time from manual instruments to
sensorized robotic systems. The first known concentric tube-style device, introduced
in 1985, appears to be the Mammalok, which incorporates a straight outer tube
and a precurved inner Nitinol wire.3 Shortly thereafter, curved tubes were used to
deflect a telescoping dissection blade4 and a laparoscopic instrument.3,5,6 In 1995,
the SMARTGuide instrument,7 which consists of a precurved nitinol tube within a
straight sheath, was developed and then used in an image-guided intervention.8 A
device designed during this time period that remains commercially available today
is the Roticulator (Covidien, Inc.). It currently uses a precurved plastic tube, but
originally was constructed from Nitinol.5
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(a)

(b)

Fig. 1. (a) A concentric tube robot with a gripper end-effector. (b) After conforming, the curvature of the collection of tubes depends on the axial angles applied at the tubes’ bases and their
precurvatures.

In 2005, motorized concentric tube systems were introduced, creating the first
concentric tube robots9,10 Shortly thereafter, Sears and Dupont and Webster et
al. introduced the first mechanics-based models of concentric tube robots.11,12 A
remarkable aspect of the development history of concentric tube robots is that all
of these groups with first publications in 2005 and 2006 conceived of and developed
concentric tube robots independently, and submitted their first publications without
being aware of the others.
As a teleoperated system, the concentric tube robots are remotely-controlled by
a user who manipulates a master device under visual feedback. The incorporation
of motors enables use of multiple curved tubes, rather than the single curved tube
found in early devices like the Mammalok and SMARTGuide that were manually
operated without motors. This is because the mechanics of multiple tubes bending
and twisting one another is complex and non-intuitive, making them well suited to
a robotic or telerobotic approach.
Concentric tube devices can be used in two distinct ways. Concentric tube
devices can be used as steerable needles or they can be operated as manipulators. Generally, the term “steerable needle” refers to a device that can be deployed
through tissue in a “follow-the-leader” fashion, where the body of the needle follows
in the path of the tip. In contrast to many other steerable needles (e.g., bevel-tipped
needles13 ), concentric tube devices have an advantage in that they do not rely on
the tissue itself for steering; the elastic interaction of the precurved concentric tubes
provides the steering mechanism.9,14 This enables them to steer through open cavities in addition to tissue. Use of concentric tube robots as manipulators has received
extensive study over the past ten years. Of particular interest have been their use
as manipulators that are teleoperated, much like the da Vinci system by Intuitive
Surgical, Inc. In this context, concentric tube robots are often functionalized with
grippers and other tools.
Use of concentric tube robots as steerable needles has been proposed in a variety
of applications including fetal umbilical cord sampling,15 thermal ablation,16,17 in-
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terventions in the liver and vein cannulation,18 vascular graft placement,19 prostate
brachytherapy,20 retinal surgery,21–24 treatment of epilepsy,25 and other targeting procedures in soft tissue.9,12,26 Concentric tube robots have also been proposed as endoscope dexterity augmentation devices in the brain,27,28 lungs,29,30
and prostate.31–33 Concentric tube robots have been proposed for use as teloperated devices for transoral throat surgery,34 transgastric surgery,11 transvascular
cardiac procedures,35–39 and transnasal skull-base surgery.40–42
The introduction of motors and mechanics-based models in 2005-2006 sparked a
period of rapid development in modeling, design, control, sensing, and planning for
concentric tube robots. This review paper is an extension of the review by Gilbert
et al.,43 and includes recent advancements in modeling and control, actuator and
tube design, sensing, and planning.
2. Modeling, Control, and Planning
The earliest models of concentric tube robots used the principles of beam mechanics
to solve the forward kinematic problem. At first, the tubes were assumed to have
a pre-set shape which was an arc of a circle. If the tubes are assumed to deform
only in bending and not in twisting, then the resulting centerline curvature can
be computed in closed-form based on a moment equilibrium.44 Using the FrenetSerret formulas, the preshaped curve of the ith tube is associated with a curvature
u∗i . Each tube is given a base input angle of ψi , defined so that at ψi = 0 the
centerline stays in the yz plane and curves toward the negative y axis.
Let the bending stiffnesses of each tube be given by kib = Ei Ii , where Ei is
Young’s Modulus and Ii is the second area moment of the symmetric cross section
of the tube. Given the precurvature of each tube, the resultant curvature vector
of the collection of tubes is found as a sum of the precurvatures weighted by the
bending stiffnesses, as shown in Fig. 1. Mathematically, this is expressed by


N
1 X
cos ψi
kib u∗i
(1)
u= P
sin ψi
kib
i=1

where u is the resulting curvature vector lying in the xy plane. The geometry can
then be easily computed as the circular arc with the resultant curvature vector,

T
which can be simply expressed using the matrix exponential. Let v = 0 0 1 ,

T

T
ω = uT 0 , and ξ = v T ω T . Then, the end-effector frame at the distal tip of
the robot is given by
b
g = exp(Lξ)
(2)
where L is the arc-length along the centerline curve from the robot base to the tip,
b· is the conversion of a 6-dof rigid linear and angular velocity to a twist as defined
by Murray et al.,45 and exp is the matrix exponential.
Advancement in the models then increased the predictive power by accounting
for torsional twisting of the tubes. From both energetic principles and Newtonian
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mechanics, the curvature equation (1) can be shown to hold point-wise in arc length
whenever the precurvatures of the tubes are planar shapes.46,47 The only modifications needed are that ψi (s) and u∗i (s) become functions of arc length. For general,
non-planar precurved tube shapes, let u∗i (s) be the Bishop frame curvature (i.e. the
curvature vector of the frame which follows the curve without any instantaneous
angular velocity about the tangent vector) of the preshaped centerline of the ith
tube. The point-wise curvature of the conformation of tubes is given by
N
1 X
u(s) = P
kib Rz (ψi (s))u∗i (s)
kib i=1

(3)

where Rz is the standard z-axis rotation.
Each function ψi (s) is then governed by a second order differential equation in
the independent variable of arc length,
(kit ψi0 )0 + kib e3 · (u × Rz (ψi )u∗i ) = 0 .

(4)

This equation states that the rate of change in the torsional moment carried by
each tube is linearly related to the scalar triple product between the tangent vector
(third standard basis vector in the body-frame), actual curvature vector of the ith
tube that is equal to u, and the pre-curvature vector of the ith tube. The geometry
of the centerline is then determined by the differential version of (2),
b
g 0 = g ξ(s)

(5)

T
where ξ(s) is the twist determined by the linear velocity v(s) = 0 0 1 and angular

T
velocity ω(s) = uT (s) 0 .
Where each tube is held proximally, boundary conditions are enforced by the
actuators. Likewise, at the distal end of each tube, the natural boundary condition
is moment free. Mathematically, these conditions are given by
p(0) = p0
ψi (βi ) = αi
(kit ψi0 )(Li )

(6)

=0

Translation of the tubes enters the kinematic problem by changing the functions
∗
u∗i (s) and kib
(s). As the tubes are translated, these functions are shifted in arc
length by the tube translations. Note that, in general, these functions may be modeled with step discontinuities, necessitating care in solving the equations with standard numerical techniques for the solution of boundary value problems. Wherever
a tube is not present, its bending stiffness kib must become zero, and its torsional
stiffness kit can be modeled as infinitely large to artificially preserve the angle ψ
over these regions.
Control of Concentric Tube Robots as Manipulators Kinematic control
of the robot can be achieved by formulating a Jacobian matrix J which maps
differential changes in the configuration of the robot to differential changes in the
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position p(s) and orientation R(s) of a point along the centerline of the robot.
This matrix has been computed via an efficient numerical technique that computes
it as the solution to a matrix differential equation associated with the original
kinematics problem.48 It can, of course, also be calculated via other numerical
techniques such as finite difference methods. Using the Jacobian mapping, it has
been found in the literature that a damped least-squares resolved rates algorithm
achieves good tracking performance during teleoperation.42 The Jacobian relates
the configuration space velocity q̇ to twist coordinates ẋ through ẋ = J q̇, and the
damped least squares algorithm computes the desired configuration space velocity
q̇ by
!−1
!
m
m
X
X
T
T
q̇ = J W0 J +
Wi
J W0 ẋ +
Wi vi
(7)
i=1

i=1

where W0 is a task-space tracking weight matrix, Wi are configuration-space
weighting matrices, and vi are desired secondary actuator velocities, which may
be set to zero in order to achieve damping. A damped least squares method with a
complex weighting function that prevents the robot from colliding with the anatomy
and avoids elastic instability was presented by Leibrandt et al.49 Another technique
which has been successfully used in the literature is a numerical inverse kinematics based on Fourier series approximation of the forward kinematics,47 a modified
planning algorithm with local tip error correction that can provide global obstacle
avoidance while the operator controls the end-effector location,50 and neural networks.51 Additionally, a pseudo-inverse based method with extrapolation of the
Jacobian matrix was shown to improve tracking performance at low control rates,52
a stable task-space controller was designed using an approximate Jacobian,53 an
inverse Jacobian method was used to perform real-time trajectory tracking under
applied loads,54 and a Jacobian-based approach has been used in the presence of
constraints.55
Model Prediction of Snapping It has been known since early prototypes
were constructed that with curvatures that are sufficiently high or tubes which are
sufficiently long, rapid snapping motion can arise with rotational actuation of the
tubes.56 The model from equations (3) and (4), with boundary conditions (6),
predicts snapping when there exist differential changes in the relative angles ψi at
the base of the robot that create infinitely fast changes in the relative angles at the
tip of the robot, as seen for two tubes on the graph (see Fig. 2) which plots solutions
to the kinematic equations over relative angles θ = ψ2 − ψ1 at the proximal and
distal ends of the robot.47 A sufficient condition for local stability in the absence
of external loads is given by a conjugate point condition
∂θ(s)
> 0 for all s
∂θ(L)

(8)

where L is the most distal arc length of the robot. When more than two tubes are
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Fig. 2.

The s-curve shows how increasing relative tube angles at the base can lead to a snap.

present, it has been shown that the analogous condition for stability involves a test
on the determinant of a matrix of partial derivatives57
∂ψi (s)
> 0 for all s
∂ψj (L)

(9)

Controlling Concentric Tube Robots as Steerable Needles In some
medical procedures, such as ablation of the hippocampus for treatment of epilepsy,25
it is useful to have concentric tube robots proceed in a follow-the-leader manner
whereby the centerline of the robot stays exactly on the path traced by the tip as
the robot extends in length. In order for a many-tube concentric tube robot to follow
the leader, both the design of the tube precurvatures and the deployment sequence
should be carefully chosen. The deployment sequence is as follows: first, all tubes
are inserted with the same velocity; second, the outermost tube is stopped while the
inner collection of tubes continues to insert with each tube having equal insertion
velocity. The second step is then repeated, at each stage stopping the outermost
tube. With this deployment sequence, particular designs follow the leader, according
to the mechanics-based model. The only known design cases in which this is true
are those in which each tube has constant (circular or helical) pre-curvature over
the entire final inserted length of that tube.14 These designs can be summarized as
follows:
• One, but not both, of the tubes has zero precurvature, meaning that the
final shape consists of two tangent circular or helical arcs with different
curvatures.
• Both tubes are circular in precurvature and the actuation is chosen such
that the precurvatures are coplanar at all arc lengths for all times in the
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insertion sequence. In this case, the final shape consists of two tangent
circular arcs that lie in the same plane.
• Both tubes are helical in shape and have the same helical torsion τ =
p/(p2 + r2 ), where the helix has pitch 2πp and radius r. The actuation is
chosen such that the precurvatures are coplanar at all arc lengths for all
times in the insertion sequence. In this case, the final shape is piecewise
helical.
It was also noted by Dupont et al. early in the development of concentric tube
robots that tubes with circular precurvature shapes approximately follow the leader
under the above deployment strategy even when the precurvatures are not forced
to lie in a plane and the tubes begin to twist one another. The amount of error in
this strategy was later quantified and found to be typically less than 5% of the final
deployment length for the first stage of a two-tube insertion.14
Motion Planning for Concentric Tube Robots as Manipulators Motion planning for concentric tube robots ensures that the robot moves from an initial
configuration, to the desired configuration, without colliding with anatomical constraints or other obstacles in the robot’s configuration space. Motion planners have
been used to find paths around critical brain structures,58 through the bronchi of
the lung59 and through the sinuses.60 The work of Lyons et al.58,59 formulated the
motion planning problem as a constrained optimization problem that minimizes
the tip-position error (from the desired tip-position) with constraints that prevent
anatomical collisions. This work used simplified kinematic models to speed up computation. In the work of Torres et al., a sampling-based motion planning method
was used along with the mechanics-based model described previously.60 Samplingbased methods were used by Kuntz et al. to plan trajectories for a multi-stage
system that includes a tendon-actuated bronchoscope, a concentric tube robot, and
a steerable needle61 that was developed by Swaney et al.30
The obstacle space that the robot avoids on its way to the goal configuration
does not have to be based solely on anatomy. For example, Bergeles & Dupont
used a variant of the rapidly-exploring random tree to plan paths that both avoid
anatomical collisions and avoid regions in a concentric tube robot’s configuration
space that are elastically unstable (i.e., that cause a snap as described previously).62
Motion planning was combined with teloperation by Torres et al., where the
operator controls the concentric tube robot’s tip-position and the motion planner
automatically determines the inputs that both achieve the desired end-position and
ensures that the robot’s body avoid collisions with the anatomy.50,63
Force/Impedance Control With knowledge of the applied loads at the end
effector, force or impedance control can be used to specify appropriate behavior
for tasks in stiff environments, where environmental contact may prevent accurate
position control. Similarly to the Jacobian matrix, the Compliance matrix C relates
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differential changes in the external load f with changes in the manipulator end
effector location.48 Under quasistatic conditions, the relationship between ẋ, q̇,
and f˙ is given by
ẋ = J q̇ + C f˙

(10)

A control law can then use this relationship to display a desired force/displacement
mapping by estimating the applied force based on measurement of the robot end
effector location.64 An alternate way of controlling applied forces is to use the static
force mapping for continuum robots, which is analogous to the standard equation
for serial kinematic chains64
τ = JT f +

∂E(q, f )
∂q

(11)

where E(q, f ) is the stored internal energy of the robot given the actuator configuration q and the external force f . Note that if the actuators are non-backdrivable,
friction may dominate the required torques, rendering this equation inaccurate.
Impedance control has been demonstrated for concentric tube robots based on position feedback alone, but pure force control has yet to be demonstrated.
Instead of using the kinematic model to drive the force estimate for control,
a direct measurement can be made if sensors are sufficiently miniaturized to be
compatible with concentric tube robots. A miniature force sensor based on electrical
resistance measurement of fluid-filled channels was developed by Arabagi et al., and
is capable of measuring applied contact forces.65
3. Actuator Unit, End-effector, & Tube Design
The mechanics and geometry of the application dictate how concentric tube robots
are actuated, the geometry of the tubes, and how the tubes are functionalized with
end-effectors. In this section, actuation mechanisms, methods for selecting tube
designs based on task-specific requirements, and end-effector designs are described.
Actuator Units Concentric tube robots are actuated by translating and rotating the tubes relative to one another. The actuation unit is the mechanical
apparatus that applies these motions to the proximal ends of the tubes. This is a
mechanically straightforward task with many potential options. However, the needs
of some applications put special demands on how this is done. Operating concentric
tube robots in an MRI machine requires actuators that are MRI compatible to prevent image distortion. Su et al. presented an MRI-compatible concentric tube robot
actuated using piezoelectric elements.66 Comber et al. took a different approach to
MRI-compatibility using pneumatic stepper actuators.25,67,68
Some researchers have proposed using more than one concentric tube robot
simultaneously (e.g., for bimanual control). For minimally-invasive surgical procedures, where the robots may need to be deployed beside one another (e.g., through
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Fig. 3. Some examples of actuation units that have been designed for concentric tube robots. (a)
MRI-compatible actuation unit using pneumatic pistons.25 (b) An MRI-compatible actuation unit
using piezoelectric actuators.66 (c) A hand-held actuation unit for multiple concentric tube robots
passed through a rigid endoscope.32 (d) An actuation unit designed for operating a concentric
tube robot through a flexible neuro-endoscope.27 (e) A modular actuation unit for endonasal
surgery that places four tools in close proximity.69 (f) A low-cost (i.e., disposable) actuation unit
using coaxial actuators.26

one entry point), this requires the robots to be actuated next to each other, constraining the geometry of the actuator units. A modular system has been proposed
for a bimanual40,42 and quadramanual69 system designed for endonasal surgery.
Butler et al. developed an actuation unit that attaches to a flexible neuroendoscope that augments it with the dexterity of a concentric tube robot.27 Hendrick et al. proposed a hand-held bimanual system where two concentric tube robots
are operated through a rigid endoscope.32
Graves et al. developed a compact differential-drive system that has the advantage that has the potential to be implemented in a disposable package.26 A mechanically similar (though not low-cost) differential drive approach was also taken
by Webster et al.34 For medical applications where the actuator is not considered
disposable, sterilizability and sterile barriers are an important consideration. Bruns
et al. and Burgner et al. developed an autoclavable actuation system that uses a
couplings through a sterile barrier to keep the motors out of the sterile field.17,70,71
Tube Design There are endless possibilities for selecting the shape of the
tubes. Use of non-constant curvature tubes (which is supported by the mechanicsbased model), introduces many new parameters defined by the set of possible curves
considered. Most designs in the literature use tubes that are shaped with a straight
section followed by a constant-curvature section. Even with this simple geometry, the length of the straight and curved sections, and the radius of the constant
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curvature must be chosen. Selecting tube geometry is an active area of research.
One approach to selecting tube shape is based on the path the robot must follow
in the environment. Anor et al. performed a computation study of tube geometries
that enabled a concentric tube robot to follow piecewise constant-curvature paths
through the brain ventricles for cauterization of the choroid plexis under the premise
that many tube pairs could be made to behave according to the dominant stiffness
assumption.72 Gilbert et al. selected helically-shaped tubes to perform follow-theleader deployments in the brain for the treatment of epilepsy.14 Torres et al. and
Baykal et al. showed how to select the tubes’ radius of curvature by incorporating
the tube design into motion planning.73,74 The result is a design and a motion
policy that can maneuver the robot into a desired configuration without violating
anatomical constraints.
Another approach to tube design is to select geometries that produce a desired workspace. Bedell et al. and Bergeles et al. optimized the tube curvature to
guarantee a desired tip-workspace, while ensuring anatomical constraints are respected.35,75 Burgner et al. used a volume-based coverage objective function to
design tube curvatures that optimally cover a desired anatomical workspace.76–78
Other approaches have been taken that exploit the mechanics of concentric tube
robots more than the geometry of the application. For example, when the concentric
tube is sensorized, the geometry of the tubes affects how much state information
the sensors can provide. Optimizing tube-curvature to maximize state information
provided by magnetic trackers placed at discrete points on the robot’s body was
explored by Mahoney et al.79

(a)

(b)

(c)
Fig. 4. Design solutions that increase stability and enable higher tube precurvatures. (a,b) Patterns cut into the tube can increase torsional stiffness relative to bending stiffness.80,81 (c) Replacing sections of tubing with larger diameter, stiffer tubing (dashed lines) increases stability.57

Tube design has also been used to find solutions to the snapping problem (see
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Fig. 4). Ha et al. and Hendrick et al. optimized the preshaped geometry of the
tubes to ensure that the concentric tube robot never snaps.82,83 In addition to
choosing the curvatures, the snapping problem has been approached by altering the
ratio of bending stiffness to torsional stiffness by laser machining patterns into the
tubes.80,81 Another technique for increasing the stability of the robot is to replace
straight lengths of Nitinol tubing with larger diameter, stiffer tubing (possibly of
a different material, such as steel, with a higher elastic modulus), which effectively
moves the rotational actuators distally toward the curved tube sections.57
Once a given precurvature design has been chosen, a significant challenge is to
then make the tubes. Gilbert and Webster presented a method that shape-sets the
tubes in any desired geometry using electrical current.84 They demonstrated the
shape-setting of a variety of shapes including helices. Additive manufacturing of
the tubes from thermoplastic materials has been investigated by Amanov et al. and
determined to be feasible with materials such as Nylon and PCL.85

(a)

(b)

(c)

(c)
(d)

(e)

(f)

Fig. 5. Examples of end effectors that have been used in concentric tube robots. (a) A curette
used for scraping tissue and a single-dof gripper end effector.42 (b) A steerable needle deployed
from a concentric tube robot within a bronchoscope.30 (c) A flexure-based wrist.86 (d) A metal
MEMS tissue approximation device which can be inserted through a concentric tube robot.87 (e)
A metal MEMS tissue removal end effector.88 (f) A laser fiber deployed through a concentric tube
robot.32

End-Effectors
Medical applications largely motivate the design of endeffectors for concentric tube robots. Dupont et al. presented a metal microelectromechanical systems (MEMS) tool for cardiac tissue approximation and resection.37,87–89 Miniature grippers and curettes have been attached to the tip of concentric tube robots for endonasal surgery.42 Puncture stylets,90 ultrasonic ablators,16 and laser fibers32 have been deployed by concentric tube robots. Swaney et
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al. deployed a steerable needle through a concentric tube robot for lung biopsy.30
Flexure elements have been designed into the body of a concentric tube robot to
make tendon actuated flexure-wrists, which substantially increases the angular extents of a Concentric tube robot’s workspace.86 Concentric tube
4. Sensing & Estimation
The mechanics-based model described in Sec. 2 has been found to be accurate within
to 3% of the concentric tube robot’s length in free-space with no applied loads. For
many applications with the presence of uncertainty, some form of real-time feedback
is needed, especially for closed-loop control and teleoperation. For example, Webster et al. used feedback of a concentric tube robot’s tip position to visually servo
the tip.91 If the application requires that the robot’s body avoid some sensitive
region, then feedback of the entire shape of the robot would be required. When
manipulating tissue, it may be beneficial to provide feedback of the forces that a
concentric tube robot applies. In this section, we review methods that have been
used to estimate these things.

(a)

(b)

Reflected
grating fiber Spectrum
P
P

∅ 0.5 mm

(c)

(d)

λ
λ

Fig. 6. A variety of sensors can be used to sensorize concentric tube robots including (a) electromagnetic position trackers, (b) fiber-Bragg gratings, (c) magnetic resonance imaging, and (d)
ultrasound.

Position Sensing There are a variety of methods to sense the position of
a concentric tube robot’s body in space. One of the most common is image-based
position sensing that uses visual feedback. Some methods include cameras that track
fiducial markers.91 Medical imaging such as magnetic resonance (MR), computed
tomography (CT), and ultrasound methods have been used as well. For example,
Su et al. developed an MRI-compatible concentric tube robot using piezoelectric
actuators, and then used MRI images to track the robot’s tip position in time.66
concentric tube instruments that deploy a pre-curved inner wire have been observed
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in an MRI.8 CT has been used for visualization of a concentric tube robot in ex
vivo liver tissue.26 Fluoroscopy was used in simulation by Lobaton et al., where
the the pose of a fluoroscope was planned in time to obtain the most information
about a concentric tube robot’s shape as it followed a trajectory, while minimizing
patient radiation exposure,92 and by Vandini et al. who tracked a concentric tube
robot’s shape inside a skull phantom.93 The body of a concentric tube robot has
been tracked in open-space using ultrasound by Ren & Dupont,94–96 and by Swaney
et al.97 Finally, ultrasound has been used as a form of guidance for concentric tube
robots in soft-tissue by Terayama et al.,18 Burdette et al.,16 and Furusho et al.98,99
Another type of sensor that observes the body pose (i.e., position and orientation) of a concentric tube robot is the electromagnetic tracker. When inserted
into the robot, magnetic trackers can be used to detect the pose of the robot’s
body at discrete locations (e.g., at the tip). Electromagnetic trackers have been
used by Mahvash & Dupont,64,100 by Lathrop et al. and Burgner et al. for guidance
using preoperative imaging,42,101 and by Xu et al. for evaluation of tracking performance.52,102 Multiple electromagnetic trackers have been used by Mahoney et al.
for estimating a concentric tube robot’s shape.79
Force Sensing For many medical applications, it is useful to know the forces
that a concentric tube robot is applying to the environment. This information can
be used for control and (in principle) for haptic feedback, particularly at the robot’s
tip. Toward this end, Arabagi et al. developed a force sensor that estimates the
magnitude and direction of tip forces65,103 by measuring the change in resistance of
a conductive-fluid-filled channel as applied forces deform the channel’s geometry.
In other work, the applied tip-force has been inferred from other sensor measurements. For example, in the work of Rucker & Webster, the applied force is
estimated from a measurement of a concentric tube robot’s spatial deflection in a
statistical way that accounts for sensor noise.104 Mahvash & Dupont estimated applied force from spatial deflection and used it to control the applied tip-forces.64,100
Other Sensors Other types of sensors have been used with concentric tube
robots. For example, Ran et al.52 used torque sensors at the proximal end of a
concentric tube robot’s tubes to measure their proximal moments during operation.
With a measurement of the proximal moment, the model presented in Sec. 2 can
be turned into an initial-value problem, which can be solved faster than the standard two-point boundary-value problem. In addition, fiber-Bragg gratings105–107
are applicable for the shape estimation of general continuum devices, and where
they should be placed on a concentric tube robot to optimally reconstruct its shape
has been studied by Kim et al.108
Model-based Estimation Fusing the information of sensors that have been
integrated into the body of a concentric tube robot with a priori knowledge of the
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robot kinematics (Sec. 2) is a useful tool for inferring properties of the robot in other
parts of the body where there are no sensors present, particularly in the presence
of model and sensing uncertainty.79
Inference for concentric tube robots can be performed using a Kalman-filtering
framework that has become ubiquitous in the robotics community.109 Let the uncertain concentric tube kinematic model be represented using the random process
x0 = f (x) + q

(12)

where x is the states of the concentric tube robot as described in Sec. 2 and f is
defined by equations (4) and (5), and q ∼ N (0, Q) represents zero-mean Gaussian
process noise with covariance Q. Uncertainty in the constraints can be represented
as
ψi (βi ) = αi + wψi
(13)
(kit ψi0 )(Li ) = 0 + wψi0
where wψi ∼ N (0, Wψi ) and wψi0 ∼ N (0, Wψi0 ), which are mutually uncorrelated.
Uncertainty in the proximal and distal conditions could be a result of actuator
uncertainty and friction, respectively. An observation taken by a sensor at arclength s can be represented by
y(s) = h(x(s)) + z .

(14)

Without including past time, the best model-based estimate at an arc-length
s is the one that includes the information from all sensors on the robot’s body,
i.e., on the arc-length interval [0, L]. This estimate can be approximated by the
Gaussian distribution N (x̄, P̄ ) and is the result of Kalman smoothing, which can
be computed in a two-step process. Note that this formulation assumes that the
process noise (12), boundary-condition uncertainty (13), and sensor noise (14) can
be modeled as Gaussian. This is an approximation for any other form of noise.
1) The first step computes the posterior estimate N (x̃, P̂ ) that incorporates
sensor information from the proximal side of the concentric tube robot, using an
Extended Kalman Filter (EKF), by integrating the differential equations
x̃0 = f (x̃)
0

(15)
T

P̃ = F (x̃)P̃ + P̃ F (x̃) + Q

(16)

from arc-length 0 to L = max Li , where F (x̃) = ∂f (x̃)/∂ x̃ and the initial condition
for x̃ are found by initially solving (4) and (5), and the initial condition for P̃ is from
a priori knowledge about the accuracy of the model. While integrating equations
(15) and (16), the uncertain boundary conditions (13) and sensor observations (14)
are incorporated into the posterior estimate using an EKF update.110
2) The second step computes the smoothed estimate by integrating the RauchTung-Striebel110 differential equations
x̄0 = f (x̄) + QP̃ −1 (x̄ − x̃)
0

P̄ = (F (x̃) + QP̃

−1

)P̄ + P̃ (F (x̃) + QP̃

(17)
−1 T

) −Q

(18)
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from arc-length L to 0 with initial conditions x̄(L) = x̃(L) and P̄ (L) = P̃ (L).
Although the posterior estimate, (15) and (16), will be discontinuous at every arclength where a sensor resides, the smoothed estimate is continuous.111
5. Conclusion
Concentric tube robots are an vibrant area of research in the medical robotics
community, where their small diameter and dexterity make them well-suited for
minimally-invasive surgical tasks. In this chapter, we have presented an overview
of concentric tube robots’ development, beginning in 1985 to the present, for use as
both steerable needles and robotic manipulators. This review is a companion, and
in some cases, an update to the prior review of Gilbert et al.43 We have reviewed
recent progress in modeling, for example the prediction of elastic instability, and
in control where we describe advances in Jacobian-based joint, force-control, and
motion planning. Recent work has focused on sensing for concentric tube robots,
and we have addressed the methods and recent progress in this area. There are
many avenues of future research on Concentric tube robots, and we expect their
future to be bright.
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