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Abstract— Concentric tube robots exhibit complex
workspaces due to the way their component tubes bend
and twist as they interact with one another. This paper
explores ways to compute and characterize their workspaces.
We use Monte Carlo random samples of the robot’s joint space
and a discrete volumetric workspace representation, which can
describe both reachability and redundancy. Experiments on
two physical prototypes are provided to illustrate the proposed
approach.

I. INTRODUCTION
Robot manipulators are traditionally composed of rigid
links that are either connected via serial or parallel joints.
Hyperredundant robots consist of a number of joints much
larger than the task-space dimension. The ultimate hyperredundancy occurs when the number of joints tend toward
infinity while link lengths tend toward zero [1]. Such infinite
degree of freedom (DOF) robots are typically referred to as
‘invertebrate’ or ‘continuum’ robots [2], [3], [4].
The concentric tube type of continuum robot considered in
this paper is composed of multiple, superelastic, precurved
tubes that are nested inside of each other. Actuation is
achieved mechanically by translating and rotating the tubes
at their distal end. A review of the concentric tube design and
its use in robotics can be found in [5]. The latest mechanicsbased kinematic models can be found in [6], [7]. These
models have been used to study many aspects of concentric
tube robots, including design (e.g. [8], [9]), motion planning
(e.g. [10]) and medical applications (e.g. [11], [12], [13]).
One aspect of concentric tube robots that has been only
tangentially addressed is their workspace (see e.g. in [14]).
The reachable workspace of a robot is the set of all reachable Cartesian end effector positions. For traditional rigid
link robots, the workspace can be determined using classical
geometry. A variety of methods are available for specific
robot structures, including those for robots consisting of
serial chains with revolute joints (see e.g. [15][16][17][18]).
Results also exist that assume no particular kinematic structure a priori, and employ random joint space sampling using
Monte Carlo methods [19]. Using this approach, one can
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generate an estimate of the workspace boundaries by determining the border of all end effector positions corresponding
to sampled configurations. Cao et al. [20] introduced a
general numerical method for determining the boundary
curves and volume of a 3D robot manipulator, also suited
for hyperredundant robots.
Inspired by the work of Alciatore and Ng [19] and
Cao et al. [20], in this paper we apply similar methods
to study the workspace of concentric tube robots, which
are more complex than traditional rigid link robots due
to bending and twisting interactions between tubes. More
specifically, we employ Monte Carlo sampling to compute
the reachable workspace of a concentric tube continuum
robot. We also describe a general method (applicable to any
robot) to determine the workspace volume using a discrete
volumetric representation, which is a simplification of the
methods previously introduced by Cao et al. [20] and an
extension of the work on representing configurations of
binary manipulators using density grids from Ebert-Uphoff
and Chirikjian [21]. An earlier version of our volumetric
workspace representation has been presented in [22]. In this
paper, we introduce a new method for characterizing the
kinematic redundancy of concentric tube continuum robots
and also provide experimental evaluation results.
II. KINEMATIC MODEL REVIEW
Concentric tube continuum robots are composed of n
concentric, precurved, superelastic tubes (with n ≥ 2).
Usually, the tubes are made of Nitinol (NiTi), which can
sustain strain up to 8-10 % without damage, and can be shape
set using a heat treatment process. Each tube of a concentric
tube robot is typically shape set into a desired space curve
before the robot is assembled.
In this paper, we consider tubes that have an initial straight
length Ls at their bases, and a curved section of length Lc
with constant curvature κ at their tips. The innermost tube is
referenced as tube 1 and the outermost tube as tube n. The
overall tube length is `i = Lci + Lsi with `1 > ... > `n .
Each tube has 2 degrees of freedom (axial translation
and rotation) actuated at its base. When precurved tubes
are inserted into each other, their curved sections interact
elastically until they reach an equilibrium conformation. A
robot composed of 3 tubes is illustrated in Fig. 1.
A. Joint Space
The joint space of a concentric tube continuum robot is
of dimension 2n, with βi denoting the translation and αi the
rotation of each tube. βi is defined as the distance of the
end of tube i from s = 0 and is typically negative since it
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Fig. 1: (a) Sketch of a concentric tube robot. Motion is achieved by rotating and translating each component tube. (b) Joint
space parameters for a concentric tube robot composed of 3 tubes. The origin of g(s) lies along the central red dashed line
at all arc length points s.

describes the length of tube between where the tube exits the
robot and where the actuator attaches to it (see Fig. 1b).
The joint space is defined by the following inequalities:
αi ∈ [−π, π),

(1)

βi ∈ [−`i , 0],

(2)

β1 ≤ ... ≤ βn ≤ 0,

(3)

`n + βn ≤ ... ≤ `1 + β1 .

(4)

Configurations with < 2n+n regions can occur, for example
if the tips of 2 tubes exist at exactly the same arc length along
the robot. Fig. 1b illustrates the boundaries of each unique
region with black dashed lines.
The forward kinematic model can be derived from
Cosserat rod theory with the application of concentric constraints [23] and consists of a multi-point boundary value
problem on a nonlinear set of ordinary differential equations:
ψ̇i = uiz

B. Forward Kinematics
In this paper, we apply the free space forward kinematic
model of Rucker et al. [23], which accounts for bending
and torsion throughout the tubes. We note that it would also
be possible to apply our method to a concentric tube robot
which is subject to external loading, if the loads at all points
in the workspace were repeatable and could be defined a
priori, by using the loaded model of [6], [7].
The robot shape is represented by an arc length
parametrized transformation


Ri (s) pi (s)
gi (s) =
∈ SE(3),
(5)
0T
1
which is attached such that the z-axis of frame Ri (s) ∈
SO(3) is the tangent unit vector to the curve and pi (s) ∈ R3
is the origin of the frame. The position of the frame moves
with unit velocity along the tangent axis, meaning that
ṗi = Ri e3 ,

(6)

u̇iz = u̇∗iz +

where Ei is Young’s Modulus of the ith tube, Ii is the crosssectional area moment of inertia, Gi is the shear modulus
and Ji the area moment of inertia aboutP
the tangent axis. EI
n
is the sum over all stiffnesses, EI = j=1 Ej Ij , with the
stiffness of any tube not present in the region of arc length
under consideration set to zero. The boundary conditions are

(7)

where ∨ denotes the conversion of a vector in R3 to a skewsymmetric matrix as defined in [24]. The precurved shape of
each tube is expressed using Frenet-Serret frames as u∗i =
[u∗ix (s) 0 u∗iz (s)], where u∗ix is the curvature and u∗iz is the
torsion of the frame.
To describe the overall shape of the robot we divide it
into regions of unique tube overlap. An n tube robot has
a maximum of 2n + n such regions, which are defined by
the discontinuities where tubes change curvature or end [25].

ψi (0) = ψi0

i = 1...n

u∗iz

i = 1...n,

uiz (`i ) =

(9)

where ψi (0) specifies the initial z-axis rotation of tube i,
and the latter boundary condition on uiz is a result of the
fact that the tube cannot carry an internal torsional moment
beyond its tip. The final shape of the robot is then formed
by combining the third curvature component uiz with the xand y-curvatures given as a function of arc length by

where the overdot denotes the derivative with respect to arc
length and e3 is the third standard basis vector. The curvature
vector of tube i is given by
ui = (RiT Ṙi )∨ ,

n
1 Ei Ii X
(8)
Ej Ij u∗ix u∗kx sin(ψi − ψk ),
EI Gi Ji j=1

uixy =

n
1 X
Ej Ij Rz (ψj − ψi )u∗ixy ,
EI j=1

(10)

where Rz is the canonical rotation about the z-axis.
III. WORKSPACE CHARACTERIZATION
We estimate the workspace of the concentric tube continuum robot based on the forward kinematic model.
A. Random Sampling of the Joint Space
We draw m × 2n samples of a given robot’s joint space
Q from a uniform random distribution. Each sample q =
[α1 , ..., αn , β1 , ..., βn ] consists of n rotational and n translational parameters. While the rotational parameters of a robot
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Fig. 2: Histograms of an example distribution of translational parameters for 10 million random samples of a robot’s joint
space (βi in mm).

configuration are independent (see Eq. (1)), the translational
parameters depend on one another (see Eq. (3) and (4)):
β1 ∈ [−`1 , 0],

(11)

To center the volume around the origin of the reachable
workspace, we determine the offset oV to the first voxel
WV (0, 0, 0) as [xmin ymin zmin ]T . The volumetric representation of the reachable workspace is than calculated by

βn ∈ [max(−`n , βn−1 ), max(βn−1 + `n−1 − `n , 0)]. (12)
Fig. 2 shows the resulting histograms for β1 , β2 , and β3 of
an example distribution for 10 million random samples for a
3 tube concentric tube continuum robot with `1 = 200 mm,
`2 = 150 mm, and `3 = 100 mm. β1 exhibits the uniform
random distribution, whereas the distribution of β2 ad β3
reflects the impact of Eq. 12.
B. Reachable Workspace
The reachable workspace consists of the set of end effector
positions that can be reached by the robot manipulator:
WR = p(`1 + β1 ) : q ∈ Q ⊂ R3 ,
where p(`1 + β1 ) is the position component of the tip frame
determined with the kinematic model described in Sec. II-B.
The resulting point cloud represents the reachable workspace.
We can determine the workspace extents (i.e. the axis aligned
bounding box) as the minimum and maximum value of the
coordinates in each Cartesian direction. The extent can serve
as a first indicator in robot design whether a particular robot
design fulfills the required workspace constraints.
C. Workspace Volume
To determine the workspace volume Cao et al. [20] determine the volume of a serial robot’s workspace by first tracing
the boundary contour in a discrete number of parallel planes.
The points of the reachable workspace are then projected
onto the nearest plane and the contour is determined as a
closed polygon. Using the trapezoidal method, Cao et al.
determine the overall workspace volume based on the areas
of all polygons. Here, we propose an alternative approach
representing the reachable workspace as a volume, which
allows a straight-forward determination of the volume.
We choose a volumetric representation WV with isotropic
voxels of size vs . The dimension of WV , i.e. the number of
voxels per direction, can be determined as
|xmax − xmin | |ymax − ymin | |zmax − zmin |
×
×
. (13)
vs
vs
vs

WV (i, j, k) = 1

∀p ∈ WR ,

with
p x − oV
p y − oV
p z − oV
, j=
, k=
.
(14)
vs
vs
vs
The volume V of the workspace can then be determined as
the number of voxels not equal to zero multiplied by vs3 .
i=

D. Redundancy Measure
As a measure for kinematic redundancy, one can count the
number of configurations leading to the same end effector
position. To do this, we simply count the number of tip
positions that fall within each voxel:
WV (i, j, k) = WV (i, j, k) + 1

∀p ∈ WR .

(15)

The resulting volume characterizes the number of end effector positions per unit volume. Before computing WV , we
assure that the joint space is composed of unique samples
by removing any duplicates (which could occur with high
m). By keeping a list of all configurations and the index
of the corresponding voxel in WV , we can determine any
configuration q ∈ Q which leads to the unit volume of
interest.
For visualization, we represent each slice of WV as a 16bit grayscale image. The higher the intensity of a voxel, the
more robot configurations result in an end effector position
within the unit volume of that voxel. Using readily available,
free image volume viewers such as 3DSlicer [26] or ImageJ,
the workspace can be imported as an image volume. This
enables visualization in a triplanar view and rendering as a
volume (as shown in the figures in Section IV-D).
IV. EVALUATION
To experimentally evaluate our proposed approach, we applied it to determine the workspace of 2 prototype concentric
tube continuum robots (see Table I), which are referred to as
“Robot 1” and “Robot 2” in the remainder of this section.
We note, that the joint space is identical for those 2 robots,
i.e. the tube lengths `i are identical.
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TABLE I: Component tube parameters for 2 robot prototypes. All dimensions in mm or mm−1 .
Tube
Ls
Lc
κ
OD
ID

1
100
100
1/35
0.8128
0.7366

Robot 1
2
100
50
1/70
1.1176
1.0414

3
20
80
1/160
2.0320
1.3335

1
100
100
1/25
0.8128
0.7366

Robot 2
2
100
50
1/70
1.1176
1.0414

3
100
0
2.0320
1.3335

Core i7-3770 with 3.4 GHz. By computing the end effector
positions for all joint space samples on a computer cluster
system, we were able to compute 10 million samples in 9 h
(compared to 2.3 days on a single core standard computer).
We note that using a more efficient implementation of the
kinematic model (e.g. in C++) would allow for even lower
computation time.
C. Reachable Workspace

A. Convergence
The Monte Carlo method converges to the topologically
correct joint space with an increasing sampling density.
Hence, the workspace estimate will also converge to the
robot’s true workspace. As intuition would suggest, while
the reachable workspace extent (i.e. maximum and minimum
distance reached along cardinal axes) converges quickly
(see Fig. 3), the reachable workspace volume requires more
samples to converge (see Fig. 4).

We generated the reachable workspace from 10 million
joint space samples for both robots. Fig. 5 shows the reachable workspace projected onto the x-/y-plane, x-/z-plane, and
as a 3D plot. The workspace of Robot 2 with the outermost
tube being straight corresponds to a cylinder, while Robot 1
with 3 curved tubes has a larger reach, and a more complex
shape. The volume of the reachable workspace for Robot 1
is 2096.6 cm3 and for Robot 2 is 1323.2 cm3 .
D. Reachable Workspace Redundancy
A larger volume does not necessarily imply a better
workspace. The kinematic redundancy per unit volume can
be a useful indicator for the quality of a robot’s reachable
workspace if null-space motion is desirable. Fig. 6 shows the
workspace volume determined using the redundancy measure
introduced in Sec. III-D for both robots using an isotropic
voxel size of 1 mm generated from 10 million joint space
samples. The voxel intensity represents the frequency with
which robot configurations lead to an end effector position
within the unit volume. The reachable workspace of Robot 2
consists of a larger area with high kinematic redundancy.
E. Experimental Evaluation

Fig. 3: Extent in x-, y-, and z-directions (in mm) as a function
of the number of joint space samples for Robot 2. The inlay
illustrates convergence for up to 10 Million samples.

Fig. 4: Workspace volume (in mm3 ) as a function of the
number of joint space samples for Robot 2.

We performed physical experiments to explore the
workspace of physical prototypes and correlate them to the
computed workspace. Tubes were manufactured to closely
match the values reported in Table I. The final parameters of
the manufactured tubes are summarized in Table II. Due to
tolerances in the tube prebending process, the tube curvatures
differ slightly. Outer and inner diameters of the tubes were
identical to those in Table I. We note that the straight
lengths of the tubes were extended for compatibility with the
actuation unit. Translation of the tubes was restricted during
the experimental evaluation such that the values correspond
to Table I.
The component tubes in Table II were placed in the
hardware setup shown in Fig. 7 and the robot tip was tracked
by using an electromagnetic tracking system (Aurora v1,
NDI, Canada), with the tracking coil located inside the inner
tube at the tip of the robot. Each tube carrier grasps a
TABLE II: Tube parameters for manufactured robots for the
physical experiment. Ls , and Lc in mm, κ in mm−1 .

B. Computation Time
We implemented the workspace computation using Matlab
R2013a. One call of the forward kinematics function (as
described in Sec. II-B) takes on average 0.02 sec on an Intel
1272

Tube
Ls
Lc
κ

1
302
100
1/34.2

Robot 1
2
3
229
112
50
80
1/76.1
1/169.2

1
306
100
1/28.6

Robot 2
2
229
50
1/76.1

3
192
0
-

Fig. 5: Estimated reachable workspace projected onto the x-/y-plane (left), onto the x-/z-plane (middle), and as a 3D plot
for Robot 1 (upper) and Robot 2 (lower). Axes in mm.

Fig. 6: Volumetric configuration redundancy representation. The intensity of the pixel/voxel increases with the number of
redundant robot configuration leading to the same end effector position. The central x-/y-plane (left), central x-/z-plane
(middle), and volume rendering (right) for Robot 1 (upper) and Robot 2 (lower) are shown.
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physical workspace and estimated workspace coincide. We
suspect the few outliers result from unmodeled effects such
as gravitational loading, nonlinear stress-strain, and friction
(all of which are known to be present but have been shown
in prior work to be minor effects in robots of this type,
provided sufficient tube diameter spacings exist), as well as
the clearance between tubes, are neglected by the kinematic
model.
V. CONCLUSION

Fig. 7: The experimental setup used for capturing the
workspace of a concentric tube robot. The depicted manipulator is composed of the tubes manufactured for the
experiment that are labeled “Robot 1” in Table II.

single tube at its base and actuates independent translation
and rotation degrees of freedom. Control of the motors
was performed by MATLAB xPC target, with target motor
positions sent via UDP to the controller.
The translational joint space was discretized according to
the maximal exposed length of each tube. Letting Lei =
Lsi + Lci + βi,max represent the maximal exposed length of
tube i with |βi | placed at the smallest physically achievable
value, the translations were discretized as
β1 = β1,max − (a/8)(Le1 − 15 mm)
β2 = β2,max − (b/6)(Le2 − 10 mm)

(16)

β3 = β3,max − (c/5)(Le3 − 5 mm)
for a, b, c ∈ N and 0 ≤ a < 9, 0 ≤ b < 7, and
0 ≤ c < 5. Thus, the minimum exposed length was chosen to
be 15 mm, with all tubes nested in the proper order according
to Eq. 4. Any combination (a, b, c) for which the inequalities
of Eq. 3 or Eq. 4 were violated was discarded. The rotational
actuation variables αi were discretized uniformly into 6
values in the range of [−π, π]. All combinations of these
discrete values were considered except those configurations
for which there exists |αi−1 −αi | > π. These were discarded
to avoid the possibility of damage to the tracking coil when
sampling across the snapping behavior which accompanies
the presence of bifurcations in the kinematics (see e.g. in
[23]). Each discrete joint space position was sent to the controller and the end effector position subsequently recorded by
averaging position measurements until the estimated sample
covariance matrix fell below a threshold of 0.1 mm2 . We
recorded a total of 2016 end effector positions for Robot 1
and 900 for Robot 2.
We registered the experimentally determined end effector positions with the corresponding end effector positions
determined with the kinematic model using point-based
registration. Fig. 8 shows the physical robot workspace
samples (red) transformed into the coordinate system of the
estimated reachable workspace. Despite a few outliers, the

This paper describes a method for determining the reachable workspace for concentric tube continuum robots using
Monte Carlo random sampling of the joint space. A key
idea was to represent the reachable workspace as a discrete
volume, which enables one to calculate its volume and
provides a measure of redundancy throughout the workspace.
We note that since the Jacobian of this robot is available [27],
one can determine the robot’s dexterity at any workspace
point using any standard Jacobian-based metric.
We have observed that the convergence of the overall
reachable workspace extent (see Sec. IV-A) is fast, such that
it can serve as an early indicator on whether a particular
robot design reaches a required workspace extent, such that
designs can be omitted without the need of more computation
on the workspace volume.
In the future, we plan to use the workspace characterization methods, possibly in conjunction with dexterity measures to design the robot (i.e. optimally select tube parameters so that the robot’s workspace satisfies task requirements).
We foresee this resulting in concentric tube robots whose
workspaces are customized for surgical requirements. More
broadly, we believe our volume-based approach to workspace
and redundancy characterization will be useful for other
kinds of robots, since it makes no assumptions about the
particular type of robot or application.
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