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Abstract— Concentric tube continuum robots provide an
infinite-dimensional design space, consisting of individual tube
space curves and other tube parameters. Even when design
choices are made to restrict the design space to a small number
of discrete parameters, ad hoc selection of parameter values
to achieve coverage of a desired volume, in the presence of
geometric workspace constraints, is essentially impossible –
even for experienced researchers. General design algorithms
proposed to date have focused on reaching a discrete set of
specific points, and have made non-physical approximations in
the robot model (most significantly assuming infinite torsional
rigidity), to speed up model computation. In this paper, we
extend prior algorithms to use more accurate models and
incorporate volume-based objectives. These extensions are illustrated in a case study on the design of a concentric tube
robot for endonasal pituitary surgery. We show that volumebased design optimization increases the reachable percentage
of the surgical workspace by an average of approximately
50%, in comparison to various sets of manually selected
design parameters. We conclude that volume-based objectives
should be included in future multi-objective design optimization
procedures for concentric tube continuum robots.

I. I NTRODUCTION
A concentric tube continuum robot (see Fig. 1) consists of
precurved concentric tubes made of superelastic Nitinol, with
diameters comparable to those of surgical needles. Nitinol
tubes are available in stock diameters from 200 µm-10 mm,
and can be shaped to a desired space curve using a heat
treatment process, meaning that many parameters can be
adjusted by design algorithms, to satisfy task requirements.
The robot achieves bending and elongation (often referred
to as “tentacle-like” motion) as tubes are axially rotated and
translated at their bases. Over the past few years, mechanicsbased models have been developed that can accommodate an
arbitrary number of tubes, with general precurved shapes, in
free space [1], [2] and under external loads [3].
The design space of concentric tube robots (including curvature functions, and physical tube parameters like diameter
and length) is infinite. However, due to the elastic coupling
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of a collection of tubes when arranged concentrically, selection of tube parameters is not straightforward. This is
especially true in the presence of workspace constraints. Ad
hoc selection of tube parameters for reachability of a desired
task space volume is extremely challenging, as we will
illustrate later in this paper. This motivates the development
of computational design algorithms to optimize concentric
tube manipulator capabilities. A vast quantity of prior design
results exist for adjusting the workspace of traditional serial
(e.g. [5], [6]) and parallel (e.g. [7], [8]) robots, but all
make use of the specific structure of the serial or parallel
robots they address, and are thus not directly applicable to
concentric tube robots.
Research on the design of concentric tube robots began
with heuristics and the establishment of bounds on various
parameters such as tube curvatures [2], [9]. Initial computational design optimization approaches building on these
initial results have all begun by making artificial restrictions
to reduce the dimension of the design space (e.g. choosing
a fixed number of tubes a priori, allowing only circular
tube precurvatures, etc.) in order to simplify the design
problem [10]–[12]. Additionally, to speed up computation,
initial approaches have used simplified models for the robot,
either using constant curvature arcs (no mechanics-based
model) [10], or by using a model that neglects torsional
compliance [11], [12]. One useful objective function for
computational design optimization involves the application
of anatomically constrained inverse kinematics (which itself
requires a numerical optimization step) to reach a desired
set of discrete target points in a surgical workspace [11].
Potential advantages of extending this idea to explicitly

Fig. 1. Concentric tube continuum manipulators consist of precurved,
superelastic tubes. Tentacle-like motion is achieved by axially rotating and
translating each tube at its base.
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Fig. 2. Workspace consideration for transnasal pituitary tumor resection at the skull base. (a) Transnasal access to the pituitary gland through the sphenoid
sinus using rigid, straight instruments. (Image adapted from [4]). (b) Geometrical approximation of the required surgical workspace. The sphenoid sinus
can be reached through a straight access channel. Inside the sphenoid sinus, the required workspace thins toward the sella resulting in a conical shape.
The sella can be approximated by an ellipsoid. (c) Parametrization of the workspace.

consider a volume-based metric (in contrast to implementing
the approach of [11] with a large collection of discrete points)
are: (1) this removes the reliance of the design algorithm on
the convergence of the inverse kinematics optimization, and
(2) a volume-based framework like the one we propose in this
paper can also quantify dexterity, because it will determine
all configurations which can access each point in the surgical
workspace.
We briefly introduced the concept of a volume-based design objective in the context of describing an overall imageguided concentric tube robot system for endonasal surgery in
[12]. Here, we expand on the idea of volume-based design,
providing in-depth discussions on design parametrization,
objective function definition, and the considerations that
influence the selection and use of various optimization methods, for a case study on endonasal surgery. We introduce a
new volume-based optimization metric that, in contrast to
the convex hull approach used previously, penalizes voids
in the robot’s workspace that lie within the desired task
space design volume (see Fig. 5 top left for an example).
The advancements of our extended method presented here
with respect to the results reported in [12] include (1) the
use of the general mechanics-based model of [3] which
includes torsional compliance, (2) the aforementioned new
volume-based optimization metric, and (3) incorporation of
workspace constraints related to the robot’s entry path in
approaching the surgical site.
II. D ESIGN P ROBLEM F ORMULATION
One may be interested in many different objectives in
optimal design of concentric tube robots, including desired
reachable and dexterous workspace, stiffness and force application capabilities at various poses within those spaces, and
the ability of the robot to deploy through (and remain within)
a specific entry volume connecting the body entry point
to the surgical site by appropriately leveraging kinematic
redundancy. This is in addition to more pragmatic design
considerations regarding how the surgical instrument is integrated into the device, how the motors that axially rotate

and translate the tubes are configured, robot sterilizability
and usability, etc.
In this paper we are primarily concerned with the geometric subproblem of achieving the desired surgical work
volume, subject to the constraints imposed by the use of
available Nitinol tubes, while incorporating a model of entry
path constraints. In the remainder of this section, we describe
the clinical workspace in endonasal pituitary surgery, and an
approximation of it using geometric primitives.
A. Workspace Constraints
The available workspace in pituitary surgery was determined in [12], based on segmented anonymized patient
computed tomography (CT) image datasets. To enable efficient computation of whether a given robot pose satisfies
workspace constraints, a simple geometric description of this
workspace is desirable. To obtain this, we leverage computational geometry techniques to decompose the required
workspace volume into 3D shape primitives, an established
technique for modeling anatomical structures in medical
images [13], [14].
We represent the surgical workspace as shown in Fig. 2ab. The entry path toward the sphenoid sinus is approximately
straight, with a typical length l of 70-80 mm measured from
the entrance at the nostril. We approximate this entry path
as a cylinder of diameter 1.5 cm aligned with the z-axis of
a coordinate frame located at the nostril entry point. We
approximate the remainder of the workspace using geometric
shapes representing the approach workspace in the sphenoid
sinus near the sella and the volume within the sella. These
are illustrated in Fig. 2c. The typical surgical workspace
within the sphenoid sinus S can be approximated as a conical
frustum that is rotated by the angle θ about the x-axis of the
entry path cylinder. Note that this means that the central
axis of the frustum and the central axis of the cylinder are
not aligned for nonzero θ and differ from one another by θ.
The size of the resection at the anterior wall of the sphenoid
sinus is reflected by the frustum’s base radius r. The base
T
position of the conical frustum P is [0, 0, l] . The height h
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of the conical frustum marks the distance from the frontal
access to the sphenoid sinus to the resection of the back wall.
The top of the conical frustum marks the entry into the sella
through the back wall of the sphenoid sinus. The sella can be
approximated by an ellipsoid with radii a, b, and c situated
on top of the conical frustum.
The sella, especially in a pathological case, varies in its
dimensions: A normal sella has about 10-12 mm in diameter
[15]. In presence of small tumors, the anatomy of the sella is
preserved, but tumors ≥1 cm can enlarge and even destruct
the sella. We refer to the required surgical workspace with
W , which is composed of S ∩ E as depicted in Fig. 2c.
III. T UBE O PTIMIZATION
The objective of our optimization procedure is to find a
design d of parameterized component tubes that maximizes
the coverage of the required surgical workspace. In particular,
we optimize for component tubes that maximize the coverage
of the sella ellipsoid E, i.e. the robot composed of these tubes
can reach a maximum subset of all possible positions within
E while assuring that the robot stays within the surgical
workspace W . As a measure for the coverage, we apply a
volumetric representation of E.
A. Parametrization
If we restrict the family of potential tube precurvatures
to an initial straight section, followed by a circular section
near the tube’s tip (as all prior similar studies have done
[11], [12]) we are left with 3n design parameters. Here,
tube 1 is the innermost tube and tube n the outermost. Each
component tube i with i ∈ [1, . . . , n] is described by three
parameters, i.e. length of the straight section Lsi , length of
the curved section Lci , and the constant curvature of the
curved section κi . In this paper we fix the number of tubes
at n = 3, since changing n would change the topology of the
design space. Furthermore, we restrict the outermost tube to
be straight and stiff (Lc3 = 0, κ3 = 0), to deploy through the
cylindrical portion of the approximate workspace described
in Section II-A. These restrictions reduce the design vector
d to
d = [Ls1 , Lc1 , κ1 , Ls2 , Lc2 , κ2 ].

The arc length is parametrized as s ∈ [0, `], where s = 0
corresponds to a fixed entry point at the robot base, and `
corresponds to the tip of the manipulator.
Computation of the effective workspace of a design d
is achieved by discretization of the configuration space
C into ∆β translational and ∆α rotational increments.
For each configuration q ∈ C the full mechanics-based
kinematic model is then used to determine the shape and
pose of the robot. To reduce the computation time, we
bound the translational positions of each tube to lie within
[P (z) − (Ls1 + Lc1 ), P (z) + cos(θ) h + 2 c − (Ls1 + Lc1 )],
which corresponds to the tubes advancing from the base
of the sphenoid sinus to the back wall of the sella. The
configuration space C of all valid configurations is bounded
by:
β1 < β2 , β2 < β3 ,
β1 + (Ls1 + Lc1 ) > β2 + (Ls2 + Lc2 ),
β2 + (Ls2 + Lc2 ) > β3 + (Ls3 + Lc3 ),
such that the tubes are nested in one another, with the tip of
each inner tube extended beyond those surrounding it.
C. Volumetric Representation
To provide a volumetric representation, the geometric
representation of W , as described in Section II, is converted
into a set of isotropic voxels V of size sv . Fig. 3a shows an
example workspace and isotropic voxelization. The dimensions of V are
xdim
ydim
zdim

=
=
=

max(2a, 2r1 ) s−1
v ,
max(2b, 2r1 ) s−1
v , and
−1
(l + h + 2c) sv .

As a measure for the maximum coverage of E by a robot
design d, we determine the number of voxels VE within E
by evaluating
2 
2 
2

j sv − ec (y)
k sv − ec (z)
i sv − ec (x)
+
+
≤ 1,
a
b
c
where ec is the position of the center of E, for all voxels
vi,j,k ∈ V with i = 1, ..., xdim , j = 1, ..., ydim , and k =
1, ..., zdim .

B. Sampling the Configuration Space
Determining the coverage of a design d of the required
surgical workspace involves computation of the workspace
of d, to determine the overlap of this workspace with the
required surgical workspace, and evaluation of this subset in
terms of the objective. To compute the workspace of d we
use the full mechanics-based model presented in [3]. The
T
inputs to the model consist of q = [α1 , α2 , α3 , β1 , β2 , β3 ]
where the angular and linear positions of each tube base
are αi and βi , respectively. The output of the model is an
arc length parametrized homogeneous transformation g(s) ∈
SE(3) consisting of a rotation matrix R(s) ∈ SO(3) and
vector p(s) ∈ R3 , which describe the position and material
orientation of the centroid of the concentric tube robot (or
more specifically, of the longest and innermost tube, tube 1).

g(ℓ)

g(s)

(a)

(b)

Fig. 3. (a) Voxelization of workspace W . (b) Evaluation of a configuration
q for a component tube design. The shape g(s) of the robot is determined
by the kinematic model. The robot tip p(`) lies within the ellipsoid E, and
the shape of tube 1 (orange), tube 2 (yellow), and tube 3 (red) is within W
such that q is considered to satisfy the workspace constraints.
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D. Objective Function
The aim of the objective function is to quantify the
coverage of the required workspace W by a design d in
terms of a volumetric ratio. A configuration q ∈ C for a robot
design d is considered to satisfy the workspace constraints,
if p(`) ∈ E and p(s) ∈ W with s ∈ [0, ..., `]. Fig. 3b
illustrates the conditions that must hold for a configuration q
to satisfy workspace constraints. For each robot tip p(`) ∈ C
that satisfies these conditions, the corresponding voxel vi,j,k
in V is set to 1, where (i, j, k) is determined by
i = px (`) s−1
v − 0.5 xdim
−1
j = py (`) sv − 0.5 ydim
k = pz (`) s−1
v
Our measure of the coverage of E by a robot design d
then becomes the number of voxels VR reachable by the
robot divided by VE . The resulting objective function is
summarized in pseudo code notation in Algorithm 1.
Algorithm 1 Objective Function f (d) for optimal component
tube design
Input
d: component tube design
W : workspace
VE : number of voxels in E
sv : voxel size
xdim , ydim , zdim : volume dimensions
Output
c: uncovered percentage of E for d
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:

IV. C ASE S TUDIES
We apply the optimization methodology outlined in the
previous section to three different workspace requirements
that reflect pathological variation for pituitary tumor cases.
For each workspace, four different tube designs were used
for initialization of the optimization algorithm.
A. Design Initializations
We chose four component tube designs for initialization,
described in Table I. We selected the curvatures for the initial
designs such that they are increasing from the base to the
tip of the robot according to the heuristic suggested in [2].
Such designs qualitatively enable the tip’s translation to be
heavily influenced by the outer tube, while the inner tube
plays a large role in tip orientation due to its tighter curvature.
The specific numerical values were chosen based on previous
physical concentric tube continuum robots such as the ones
in [2], [9], [12]. For the tube lengths we selected values such
that the tubes can reach the distal workspace boundary.
TABLE I
C OMPONENT TUBE DESIGNS USED FOR

INITIALIZATION OF THE

OPTIMIZATION FOR THE THREE CASE STUDIES .
WERE CONSTANT WITH

PARAMETERS OF T UBE 3
Ls3 = 100, Lc3 = 0, AND κ3 = 0. Lsi AND Lci IN
MM ,

d0
1
2
3
4

Ls1
140
100
100
80

Lc1
60
120
150
170

κi

IN M −1 .

Ls2
80
100
100
80

κ1
8.4
15.5
50
15

Lc2
60
60
100
90

κ2
7.5
8.5
5.5
10.5

As described in Section III-A, several design parameters
were fixed at constant values. For the outermost tube, these
were Ls3 = 100 mm, Lc3 = 0 mm, and κ3 = 0 m−1 . The
inner and outer diameters of all tubes were selected to match
the tubes on our current robot prototype: OD1 = 1.16 mm,
ID1 = 0.86 mm, OD2 = 1.64 mm, ID2 = 1.34 mm, OD3 =
2.86 mm, and ID3 = 1.86 mm, where OD denotes a tube’s
outer diameter, and ID denotes its inner diameter. Young’s
modulus was set to 50 GPa and Poisson’s ratio 0.3.

V [xdim ] [ydim ] [zdim ] ← 0
for each q ∈ C do
g ← ForwardKinematics(q,d)
if p(`) ∈ E and p(s) ∈ W (s = 0, ..., `) then
i ← px (`) s−1
v − 0.5 xdim
j ← py (`) s−1
v − 0.5 ydim
k ← pz (`) s−1
v
V (i, j, k) ← 1
end if
end for
VR ← Count(V = 1)
return 1 − VR/VE

B. Workspace

E. Implementation
We apply a direct and derivative-free search method for
minimization of the objective function that uses the NelderMead simplex algorithm [16], implemented in C++. The
optimization is initialized with a design d0 . The forward
kinematic calls within the objective function are implemented
among multiple threads for computational speed, making use
of all available cores on the machine running the optimization. On an Intel Core i7 2600 the average evaluation of the
objective function for one design in an average-sized required
workspace is approximately 3-4 min.

Three workspaces (W 1 − W 3) were used for the case
studies. Fig. 4 illustrates the geometric variation of these
workspaces, which reflects a rough estimate of pathological
variation for pituitary tumors (see Section II-A and [15]).
Workspace 1 represents a slightly enlarged sella, workspace
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Geometry of workspaces used for case studies.

2 a normal sized sella, and workspace 3 an enlarged sella
reflecting a macroadenoma pathology. Table II summarizes
the geometric parameters of the workspaces used for the
optimization.
TABLE II
D IMENSIONS OF WORKSPACES ( SEE F IG . 2) USED FOR OPTIMIZATION
CASE STUDY.

W
1
2
3

θ

IS IN DEGREES , AND OTHER VALUES IN MM .

θ
-5
10
10

P
0, 0, 70
0, 0, 70
0, 0, 80

h
10
11.25
12.5

r
7
8
8

a, b, c
8.5, 6, 6
7, 5, 5
10, 9, 9

C. Optimization Results
The optimization algorithm results are summarized in
Table III. For each workspace W and initialization d0 , the
initial value of the objective function f (d0 ) and the final
value of the objective function f (d∗ ) is stated. Furthermore,
the number of iterations for the Nelder Mead algorithm
#Iter and the number of objective function evaluations #f (d)
within the Nelder Mead algorithms are given along with the
optimized design parameters. For all optimizations, we chose
the voxel size sv = 0.5 mm. For the configuration space
discretization we chose ∆α = 15 ◦ and ∆β = 1 mm, which
provided a good tradeoff between low computation time and
a sufficient density of workspace samples.

d0

d*

x/y Plane

x/z Plane

y/z Plane

Fig. 5. Initial and final workspace coverage for workspace 3. The objective
function was minimized from the initial f (d0 ) = 0.84 to f (d∗ ) = 0.28.

V. D ISCUSSION
Some general observations based on our results and
experience with design optimization are of interest: First,
choosing tube precurvatures that increase from the robot’s
base to the tip appears to be useful. The optimizations in
this paper all tended to converge to solutions where this
was the case. However, even with this heuristic, our results
illustrate how challenging ad hoc design is for these robots.
All our initialization designs (d0 in Table I) were manually
selected by researchers experienced with concentric tube
robots, with the goal of obtaining high surgical workspace
coverage. However, as can be observed in the third column
of Table III, our initial guesses left an average of 70% of the
desired workspace uncovered.

Another important consideration is that the methods described in this paper require a tradeoff between accuracy and
resolution. Herein, we selected the voxel size and translational/rotational step sizes to achieve reasonable computation
time on a desktop PC (average 23 h per optimization),
while having what we qualitatively judged to be sufficient
workspace resolution. Resolution discretization can be noticed in the workspace plot of d0 in Fig. 5, the gaps visible in
the x/z- and y/z-plane are a result of the translational step size
of of ∆β = 1 mm in a volume with 0.5 mm isotropic voxels,
rather than actual gaps in the robot’s reachable workspace.
The coverage percentages we report throughout this paper are
thus conservative estimates of the total coverage achievable.
We note that the algorithm is highly parallelizable such that
massive speedup can be obtained.
We note also that rather than being a solved problem,
computational design of concentric tube robots is better
viewed as a topic in its infancy. For example, it seems likely
that performance enhancements can be obtained from future
extensions that consider a larger family of possible tube
precurvatures (note that any desired curve that stays within
material strain limits can be physically created through heat
treatment [17]), and that it will also be useful to enable
the design algorithm to select the optimal number of tubes
for a given surgical scenario. Applications where multiple
concentric tube robots will be used simultaneously (see,
e.g., [12]) or subsequently [18] are also possible. In such
a system, total workspace coverage may be achieved with
each manipulator covering a (possibly overlapping) portion
of the total, and the individual manipulators can be designed
simultaneously. Recent developments also indicate that it will
likely be possible to place a wrist at the tool tip to enhance
dexterity [19]. In the future, one might also wish to introduce
force application specifications in the form of workspace
locations or areas where forces in specific directions are
required. We also foresee other task-based constraints and
collision-free motion planning methods [20] being incorporated in the future as additional design objectives.
One further important challenge for future design algorithms is bifurcation avoidance. Bifurcations occur as a result
of torsional windup [2], [9], which results in a visible “snapping” as stored torsional energy is rapidly released. Based
on our experience, it appears likely that the output designs
of all prior design algorithms [10]–[12], including our own
in this paper, will exhibit bifurcations in their workspace.
However, methods to predict bifurcations for collections
of tubes greater than n = 2 have yet to be developed.
We note that physical prototype robots constructed to date
have typically used gentle curvatures (i.e. curvatures much
lower than material strain limits require to avoid plastic
deformation of tubes at all points in the robot’s workspace),
to avoid this issue.
In future studies larger sets of workspace shape primitives
(e.g. ellipsoids, cylinders, cones, etc.) may also be useful.
These can be used not only for defining target areas, but also
bounding obstacles and areas with unique task constraints.
The voxelization procedure is generalizable in these contexts
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TABLE III
R ESULTS OF THE OPTIMIZATION
W
1

2

3

d0
1
2
3
4
1
2
3
4
1
2
3
4

FOR THREE DIFFERENT WORKSPACES

f (d0 )
0.83
0.77
0.59
0.76
0.83
0.71
0.47
0.71
0.84
0.73
0.47
0.71

f (d∗ )
0.46
0.30
0.31
0.34
0.61
0.24
0.36
0.21
0.28
0.04
0.28
0.22

#Iter
83
177
94
97
96
101
53
117
113
132
100
153

#f (d)
229
346
233
218
222
235
157
262
239
285
251
312

W

USING DIFFERENT COMPONENT TUBE DESIGNS FOR INITIALIZATION

Ls1
141.75
19.35
64.12
1.10
39.31
2.66
101.45
1.17
27.18
138.33
27.72
0.66

and enables one to penalize workspace voids. It also enables
straightforward dexterity calculations if one moves from a
binary mapping of reachable positions to a density-based
approach where one keeps track of how many different
configuration space points can access a given workspace
location (e.g. an approach similar to that previously used
for binary manipulators in [21]).
VI. C ONCLUSION
We introduced an optimization method for the design of
concentric tube continuum robots using a volume-based objective. Our approach optimizes a design for a geometrically
described required surgical workspace and maximizes the
coverage over the complete volume. While this paper illustrates an objective function derived for the specific example
of pituitary tumor resection, our geometric description of
surgical workspaces and objective function formulation using
a voxel-based approach can be applied to other surgical
procedures, where coverage of a volume is desired. We
believe that future design methods should consider energy
bifurcations explicitly within the design procedure, and that
a useful extension will be the consideration of a larger family
of tube precurvatures. While significant progress has been
made in modeling the mechanics and kinematics of concentric tube continuum robots, and initial design results such as
those in this paper are promising, much work remains to be
done before the design problem can be considered solved.
However, we believe that volume-based metrics will play
an important role in the evolving scientific framework for
concentric tube continuum robot task-based optimization.
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